





GEOMETRY

Lesson 1:

1. Describe what area means.

Areq is g way of associating to any region, without regard to the shope of the region, o quantity thot
reflects our sensg of how big the region is.

2. Describe how area is measured.

in order to measure area, we decide on a unit square ond say that the area of o region is the number of
whole and partial unit squores needed to tile the region.

3. Why is length x width the formula used to find the area of rectangular regions?

A rectangulor region can be tiled by an appropriate unit squuare in a way such that the number of unit
squares could be counted or determined by length x width since multiplication is repeated addition,

EUREKA Lesson 1: What Is Area? .
MATH

© 2015 Great Minds eurska-math.org
GEO-M3-HWH-1.3.0-10.2015




GEOMETRY

4. After observing the figure below, Sadia says that the area can be determined using the

length X width formula. Libby disagrees, saying that since an irrational length has to be approximated
with fractions or finite decimals, an area with irrational side lengths that are approximated to fractional
or decimal lengths will only result in an approximated area. Who is right? Explain.

Sudia is right. Since we know how &0 find the area of
rectangular regions with rational side lengths, we can
exomine a series of rationol side-length opproximations
Jor gach side: one lower approximoation and one upper
approximation. If each successive set of opproximations
is refined so thot the rotional values are closer to the
actugd irrational walue, we see that the colculoted value using one digit greater than the
of the area is increasingly like the decimal expansion of last digit the truncated expansion.
the product of the irrationof side lengths. Therefore, the //
area of a rectangular region with irrational side lengths
can be determined by the length x width formulo
because the proguct of the irrationgl side lengths is the
ondy number that is aiways between the lower and upper
approximations when using rationoi side fengths.

\\

A lower approximation is
determined by using the exact
digits of the irrational expansion
but truncated. An upper
approximation is determined by
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A story of Functiohs
GEOMETRY

5. For the following curved region, use whole and half squares to draw the polygonal regions that represent
a lower approximation and upper approximation of the figure’s area.

-4

a. Whatis the area of the lower approximation?

10 squore units

EUREKA Lesson 1: What Is Area? ;
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b.

GEOMETRY

What is the area of the upper approximation?

26 sguare uniis

How can the approximation be refined to improve the accuracy of the estimate of area?

In this instonce, where we are using o grid of unit sguares to approximate the ares, we can use
smalfer squares in the grid, which will help reduce the degree by which we overestimate and
undergstimate.

Lesson 1: What |s Area?
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Homework Helper

GEQMETRY

Lesson 2: Properties of Area

1. Rectangular regions § and T are shown below. The regions overtap, forming triangular region V.

4
| must remember that if S and T are
regions irnt the plane, then the union
a. Use the appropriate notation to describe the figure of the two regions is all the points
ABJHEFGID, that liein S or T, including the

SUT points that lie in both S and T.

b. Use the appropriate notation to describe the figure IJC.
EnT

The intersection of regions §
and T is all the peints that lie
c. Inrectangle ABCD, AB = 10 and AD = 6. Inrectangle inboth SandT.
EFGH,EF =13 and FG = 7. Side GH intersects the
midpoints of CD and BC at ] and J, respectively. Calculate
the area of figure ABJHEFGID.

The area of rectangle ABCD: (10)(6) = 60
The area of rectungle EFGH: (13)(7) =91

The area of A 1€ 5(5)(3) = 7.5
The area of figure ABJHEFGID is 60+ 91 —~ 7.5, 0r 143. 5.

d. Use the appropriate notation to describe your calculations in part (c).

Area(SuUT) = Area(S) + Area(T) — Area($nT)

EU REKA Lesson 2: Properties of Area 5
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GEQOMETRY

2. The area of a square (or a square region} is the square of its side length. In Figure 1, a rectangle with
length £ and width w has an area of 4. Use the rectangle, the fact about the area of a square, and
Figure 2 to demonstrate why the area of a rectangle must be length x width.

w £ 175
[ ] | ] E]
4 12 ¢ £ A |t
-l L [] [
Figure 1
¢ w A w” w
ol [ i
{3 A
Figure 2
i. The area of the square with side length £: £2
ii. The area of the square with side length w: w

iii. The area of the large square with side length (£ + w): (£ +w)?
iv. The area of the large square by adding areas: £54 24 +w?
Set {iii) and (iv) equal to each other:
£+ 2A 4 Wwh = (£ +w)?
24 2A + wh e 07 4 28w + w?
24 = 28w
A=+Fw

3. Divide the following polygonal region into three different cases of the union of non-overlapping
triangular regions.

Possible solution:

6 Lesson 2: Properties of Area EUREM
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Homework Helper

Lesson 3: The Scaling Principle for Area

1. Polygon X has a side length three times that of a corresponding side length of similar polygon Y, If the
area of Y is 36, what is the area of X?

Length scale factor: 3 o
I must remember that if similar

Area scale factor: (3)* : figures A and B are related by a

Area(X) = (3)* x Area(Y) scale factor of 1, then their
- 5 respective areas are related by a
Area(X) = (3)° x 36

factor of r2.
Area(X) =324

The orep of polygon X is 324,

2. Triangles ABC and XYZ are similar, If the area of A ABC is 54, what is the area of A XYZ?

B
!_1 ) /AW\
A 18 v X 7.2 Z

Length scole factor: ;@; = 2.5

Area scale factor: (2.5)%
Area(a ABC) = (2.5)% x Area(a XVZ)
54 = (2.5)% x Area(a XYZ)
54 = 6.25 X Area{a XYZ)
8.64 = Area(a XYZ)

The areoof A XY 7 i5 8. 64,

Eu REKA Lesson 3: The Scaling Principle for Area 7
MATH

1 © 2015 Great Minds eureka-math.crg
----- GFO-M3-HW#H-1.3.0:10.2055




4.

y-ayis

Are the triangles simitar? Explain.

Yes. Both triongles are right triangles by construction, and since lines £ and m are parallel to the
x-axis, they are oiso poroliel to eqch other, The transversal line n creates corresponding angles,
LGFH and <WV X, of equal meosure. Therefore, the triangles are similar by the AA criterion.

What is the scale factor that relates A FGH to A VWX? What is the scale factor that relates A VIWX
to A FGH?

The scale factor that relotes A FGH o AVWX is 42

The scale factor that refates A VWX to A FGH is :E

State a relationship between the areas of the triangles and the scale factor that reiates them.

5

Z
Area(a FGH) = (t) . Area(A VWX)

or

2
ArealA VIWX) = (»—S») -Areals FGH)

tesson 3: The Scaling Principle for Area E“MM
MATH

© 2015 Great Minds eureka-math.org
GBEC-M3-HWH-1:3.0-10.2015



" Homework Help

GEQMETRY

4, Describe the effect on the area of a triangle if

a. The height were doubled and the base were doubled.

The greq would incregse by o foctor of 4.

b. The height were doubled and the base were halved.

The arew would be unchonged.

¢. The height were cut to % of the ariginal height and the base were doubled.

The area would decrease by o factor af%.

d. The height were cut to % of the original height and the base were cut to i of the original base.

The areq would decrease by o factor of "i%

Eu REM Lesson 3: The Scaling Principle for Area g
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GEGMETRY

Lesson 4: Proving the Area of a Disk

1. The following image is of a regular octagon inscribed in circle €
with radius r. The distance from the centerto each side s of the
octagon is h.

a. Write the formula for the area of the octagon in terms of the

length of a side s and the distance from the center to each
side, h.

Area of one trigngle formed by two radii and one side of the
octogon: % sh

The octagon con be divided into 8 such congruent trigngles.

Areg of octogon: g @) shor4sh

b. The perimeter P of the octagon can be expressed as P = 8s,
Rewrite the formula for the area of the octagon, and I must remember that by \
incorporate the expression of the perimeter into the formula. the associative property
1 B of multiplication, a

8 (?2:) sh =85 (f?:) different arrangement of
" the factors reveals how P

= P (.m) is expressed in the area

Z formula of the octagon.

S/

c. Generalize this area formula in terms of perimeter for any regular polygon P, with n sides of equal
length inscribed in a circle.

n(z)sh = s ()

10 Lesson 4: Proving the Area of a Disk EUREKA
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GEOMETRY

2. Just as in prior lessons, we will use upper and lower approximations to help determine the area of a
figure.

a. The following images are of regular polygons, each inscribed in a circle with radius r and used to
approximate the area of the disk that the circle defines. Inner polygons Py, Pg, and P4 have 4, 8,

and 16 sides, respectively.

Pig

Do any of the polygons have an area-that is greater than that of the disk? Which of the three
polygons best approximates the area of the disk? Explain.

All of the polygons have aregs that ore less than that of the disk. Polygon P g best approximates
the area of the disk, os its oreq is greoter than that of Py and Py,

b. The following images are of regular polygons, and each circumscribes a circle with radius . Outer
polygons P, Py, and P{; have 4, 8, and 16 sides, respectively.

% P Pis
Do any of the polygons have an area that is less than that of the disk?

Which of the three polygons best approximates the area of the disk?

) A closer view of P{
Explain.

looks like this:
All of the polygons have areas that are greater than that of the o
disk. Palygon Py, best approximateé the area of the disk, as its
areq is less than that of Py and P,

EUREM Lesson 4: Proving the Area of a Disk 11
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GEOMETRY

c.  Asthe number of sides of the inner and outer polygons, n, increases, the lower and upper
approximations of the area of the disk, Area(£,) and Area(P, ), respectively, become increasingly
refined and more precise. Fill in the following inequality that describes the relative areas:

Area(P,) < Area(circle) < Area(P}

3. We define the area of the circle to be the number, or the limit, that the areas of the inner polygons
converge to as 1 increases to infinity (or n — o). Examine the following inner polygons.

a. What happens to h,, and Perimeter(B,) of polygon P, as . -+ oo?

i. Asmincreases and approaches infinity, the height h,, [ can see that the length

approaches the fengih of the rodius of the circle. of the height of each
successive triangle is

becoming more and
approaches the circuniference of the circle. more like the length of
the radius. Furthermore,
the perimeter of the

b. The area formula of an inscribed regular polygon in a circle is inscribed polygon looks

Area(PB,) = [Perimeter(2,)] (%71) L?nz;enjfr;?er::;eoi‘iﬁ;he

ii. Asnincreases and approaches infinity, Perimeter(B,)

Since we are defining the area of a circle as the limit of the areas circle,
of the inscribed regular polygon, substitute your answers for part \ /
{a) into the formulation for the area of a circle:

Asmn oo By, -1

Asn - w, Perimeter(P,) - €

i
Area(circig) « 5 r{2nr)

Area(circle) = wr?

12 tesson4: Proving the Area of a Disk
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GEQMETRY

4. Acircle and a regular hexagon each have a circumference and perimeter, respectively, of 20 units,
Which figure has the greater area?

Circe = 24; therefore, the radius is %,
1202
Area(circle) == (?)

_ 144
Area(circie) = M;%M

Area(circle) = 45. 8

The area of the circle is approximatefy 45.8 units?,

Phoxagon = 24; therefore, a side has length 4.

@®)(2V3)

Area(hexagon) =6 3

Area(hexagen) = 2443
Area(hexagon) = 41. 6

The areg of the square is approximtely 41. 6 units?,

Therefore, the circle has o greater area.

EURE“ Lesson 4 Proving the Area of a Disk 13
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GEOMETRY

Lesson 5: Three-Dimensional Space

1. Inthe following figure, a right rectangular prism is determined by vertices £, F, G, H, ], K, L, and M.

Square bases EFGH and JKLM lie in planes P and @, respectively. Which of the following statements are
frue?

a. Ef=GL True
b. HM is perpendicular to planes P and Q. True
c. EK=EL Foise
d. Planes P and @ are parallel. Yrug

e. ME = MG True

14 Lesson 5: Three-Dimensional Space EUREM
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GEOMETRY

2. ' Sketch two parallel planes, P and Q. Sketch a third plane R that is perpendicular to P and Q. What do
the intersections of the planes form?

The intersections form o pair of parallel lines.

i can sketch two parallel planes by
showing that each of the planes is
perpendicular to a third plane,
ensuring that they are parallel to
each other.

EURE“ Lesson 5: Three-Dimenstonal Space 15
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GECGMETRY

3. Sketch two lines, m and n. Sketch line m so that it lies in plane P, and sketch line n so that it intersects
line m but passes through the piane.

16 Lesson 5: Three-Dimensional Space E“ REM
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GEQMETRY

Lesson 6: General Prisms and Cylinders and Their Cross-Sections

1. A general cylinder is defined as follows:
General cylinder: {See Figure 1.) Let E and E' be two parallel planes, let B be a region in the plane E,

and let L be a line that intersects E and E' but not B. At each point P of B, consider PP’ parallel to L,

joining P to a point P’ of the plane E’. The union of all these segments is called a general cylinder with
base B.

Figure 1

A circular cylinder and a right rectangular prism are types of general cylinders. Describe the distinctions
hetween the terms. How do prisms differ from general cylinders?

in the definition of a right rectangular prism, the region B is o rectongulor region; in the definition of
a circular cylinder, the region B is a circular region. in the definition of o general eylinder, the shape
of region B is not specified, Prisms are general cylinders with polygenal bases.

2. The following figures are cross-sections from their respective prisms. For each cross-section, sketch what
its prism might look like: '

EU REKA Lesson 62 General Prisms and Cylinders and Their Cross-Sections i7
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3,

138

GEQMETRY

The following figures can each be used as one base of a rectangular prism. Sketch a right rectangular
prism around the first figure and an obligue rectangular prism around the second.

i s T S A e B 1 2073

The following right cylinder has a lateral edge of 12 and a lateral area of 240m.

circumference and the radius of the base?

lateral area = (circumference)(lateral edge)
240w = {circumference)(12)
20w = circumference

The circumference of the base is 20m.

The radius of the base is 10.

tesson 6: Generai Prisms and Cylinders and Their Crass-Sections
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GEOMETRY

5. The following trapezoidal prism has a height of 3 units. if it has a total volume of 42 units®, what is the
area of one trapezoidal base?
Volume = (Area of base) X (height)
42 = {Area of base) X (3)
14 = Area of base

The area of one trapezoidel base is 14 units?,

6. In the figure below, the bases of the rectangular prism fie in planes P and P'. A plane P" is parallel to
planes P and P'. What can be said about the cross-section formed by the intersection of the rectangular
prism and plane P"' relative to the bases of the prism? Explain.

~

P{- | must remember,
that by a similar
argument, | can
show that if a plane
parallel to the bases

- opr of a general cylinder
{right or oblique)
intersected the
cylinder, the cross-
section formed
would be congruent
to the bases.

N /

The cross-section formed by the intersection of the rectenguinr prism and plane P'' is congruent to
the bases. The top portion of the prism, between planes P gnd P', is another prism ond, hence, has
congruent bases. Thus, the cross-section lying in P' is congruent to both of the buses.

EUREKA Lesson 6: General Prisms and Cylinders and Their Cross-Sections 19
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f Functions:

GEQMETRY

Lesson 7: General Pyramids and Cones and Their Cross-Sections

1. Pyramids and circular cones are types of general cones. Describe how each differs from the others.

We define g generaf cone os follows: Let B be o region ino plone E ond V be o point notin E. The cone
with base B and vertex V is the union of all VP for alf points P in B. For a general cone, the shupe of
the region is not specified; however, o pyramid is g genergl cone with a polvgonal bose region, ang g
circular cone is a genergl cone with the bose of a disk.

2. ‘What distinguishes a right cone (or right pyramid) from a general \\
cone? { should remember the

parallel that exists between

general cylinders, prisms, and
circular cylinders and general
cones, pyramids, and circular

canes. /

3. What argument supports that a cross-section of a general cone is similar to the base of the cone?

A general cone whose veriex lies on the perpendiculor line to
the base and thot passes through the center of the base is said
to be a right cone,

Uilgtions behave in three-dimensionol space similorly to the woy they behave in two-dimensional
spuce. We can show the existence of o diletion that maps the base B to region B' {see the figure
gbove); thus this similarity transformation implies that the cross-section is similar to the buse.

20 Lesson 7: General Pyramids and Cones and Their Cross-Sections E“REK A
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GREOMETRY

4. In the following triangular pyramid, a plane passes through the pyramid so that it is parallel to the base
and results in the cross-section A A'B'C’.

a. Use similarity criteria to explain why A A'B’'C’ must be similar to A ABC.

Since the plane that Intersects the pyramid is parollef to the
base, the edges of triangle A A'B'C'are parallel to the
corresponding edges of A ABC. By the triongle side
splitter theorem, each of the segments of A A'B'C’
proportionully spiit triongles VAB, VEBC, gnd VA, A of a triangle proportionally if
ditation with center V maps 4 to AL, Bto R, ond Cto C' by and only if it is parallel to the
scale foctor -, Since each of the lengths of A A'B'C" are third side.

the lengths of A ABC, the triangles are similor by the 555 //
similarity criterion.

Recall that the triangle side
splitter theorem states that a
line segment splits two sides

b. Write a statement that shows the relationship in area between A ABC and A A'B'(’.

T 2
Area(A A'B'C) = (:;) Area(s ABC)

Eu REKA Lesson 7; General Pyramids and Cones and Their Cross-Sections 21
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GEOMETRY

5. The following right sguare pyramid and general cone have heights of equal distance and bases that are
equal in area. A cross-section is taken % of the perpendicular distance between each vertex and the

respective base of each cone. if the area of the circular cone’s cross-section is 6.25, what is the side
fength of the base of the pyramid?

. ; Lt ,
The distonce from the cross-section to the vertex s 3 the height

of each cone, so the scole foctor from the cross-section fo the By the general cone cross- \
base is 4 {for either cone). The areas of the plonor regions are section theorem, if two
reloted by the sguare of the scale factor, or 16, general cones have the same

base area and the same
height, then cross-sections
for the cones have the same

distance from the vertex and
Since the side length of the sguare bose is the square root of its the same area.

greq, the side length is V100, or 10, /

Area(base) = 16{Area(cross-section))
Area(base) = 16(6.25)
Area{base) = 100

22 Lesson7: General Pyramids and Cones and Their Cross-Sections EQREM
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GEQMETRY

Lesson 8: Definition and Properties of Volume

1. A machine part is made by making a “hole” in the shape of a rectangular prism in a larger rectangular
prism, like this:

Use notation to describe the volume of the part after the hole, Y, has been taken out.

Vol(Z — Y) = Vol(Z) — Vel(¥)

2. Avright triangular grism, P, with height k and triangular base T, has two sub-triangular prisms, P; and Ps,
with triangular bases Ty and Ts.

a. Describe why the volume formula of P is Area(T) - h.

Each of the sub-triangular prisms has o volume formula of Ah. The height is the same for both
sub-triangular prisms; therefore, the volume of prism P can be found by taking the sum of the
arews of the bases of the sub-triongulor prisms, or Area(T), and multiplying it by the height of the
prismi.

b. The volume of the union of two solids is the sum of the volumes minus the volume of the
intersection. Rewrite the following equation to show how the volume of the right triangular prism P
is equal to the area of base T multiplied by the height, i1,

Vol(P) = Vol{P;) + Vol(P;) — Vol(rectangle)

This volume property has an

VOE(P} - (Az‘ea(?’l) . h) + (ATEH(Tz) X &) -0 analogous area property: The
area of the union of two

Vol(P) = Area(Ty + Ty} - I regions is the sum of the

Vol(P) = Area(T) - hh areas minus the area of the

intersection,. /

EUREM Lesson &: Definition and Properties of Volume 22
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3.

GEOMETRY

In Lesson 1, we estimated the area of a region by tiling the region with complete rectangles and triangles
in a way that created upper and lower approximations of the area. What connection can be made
between this estimation process with areas and the estimation of the volume of a general right cylinder?
What is the volume formula of a general right cylinder?

To determine the volume of o general vight cylinder with buse B, we goproximate the areg of B In the
sume wuy thot we did in Lesson 1. Since we know the area formula for rectangulor ond triongulor
prisms, we multiply each of the rectomguior ond triongular base oreos by the some height, or we toke
the totol arew of the buse ond mulliply by the height. This process crecates fower ond upper
approximations. The actual valus of the volume of the genergl right cyvlinder will foll in between these
spproximations. We condude thot the volume of o general vight cylindar is the areq of bass, B,
multipled by the height, h.

The dimensions of a commonly produced 1-gram gold bar is

approximately 16. mn X 8 mm x 0.4 mm. What is the density, The density of a substance
in grams per cubic centimeters, of gold based on these can be found using the
dimensions? formula:

. mMass
Volume(bar) = 6o mm x Bmm X §. 4 mm density = volume:

Volume(bar) = 51.2 mm?

Volume(har) in cubic centimeters:
4 {6001 cm® 5
5t.2mm’®| ————]=0.512cm
1mm

Deunsity(gold):

(___?ﬁ___)zi% Jem?
0.51zcmd) 8

Lesson 8: Definition and Properties of Volume ﬁuﬁgm
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Story of Funttions
GEOMETRY

Lesson 9: Scaling Principle for Volumes

1. Two similar right rectangular prisms have bases with areas in the ratio 9: 16. if the volume of the smaller
rectangular prism is 36 cm?, find the volume of the larger rectangular prism.

if the ratio of the buse areas of the prisms is 9: 16,
then the areg of the bose of the larger prism is E‘f’» times

the areq of the smaller prism. Areas of simifor figures
are related by the square of the scale factor that

4

relates the figures, 5o the scole foctor is \/%- =3

Velumes of similar three-dimensionaf figures are
refated by the cube of the scale factor, 50 the volume

_ 3
of the larger prism is (gﬁ) times the volume of the

o 64 .,
smaller prism, or 77 times the volume of the smaller
prismt.

| don’t know the dimensions of th;\\\
bases, so | cannot use them to find

the scale factor of the larger prism.

If the prisms are similar, then their
bases are similar, and | remember
that areas of similar figures are

related by the square of the scale
factor. | can use the ratio of the

\base areas to find the scale factor.-/

~

Since the areas of similar
figures are related by the
square of the scale factor,
| can use the square root

of the value of}g to find

the scale factor.
e %

64 1
—— 3 = am. 3
z?(%cm) 8530m

The volume of the larger prism is 85% cm?,

Eu REKA Lessan 9: Scaling Principle for Volumes
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2. The volume of a general cylinder is 176 m3. A similar general cylinder has a volume of 4_2-2% m?,

Calculate the value of the ratio of the similar cylinders’ corresponding lengths.

For two similar figures whose corresponding lengths ore in /_/-\

the ratio a b, the ratio of thelr volumes is o™ b;‘ - Then The value of the ratio of \\
42 L

the volume of the smaller generai eylinder is - times the corresponding side lengths of

simitar figures is equal to the
scale factor relating the figures.
| have to calculate the scale

volume of the lorger generol cyiinder,

Let r be the scole foctor that
relates the two cylinders,

This value relates the factor first and then write a
21 volumes of the similar ratio with the same value.
. 42 32 general cylinders, so it \\ ,/

i76 must be the cube of the
s[4 31 scale factor. |think|

Y S 32 will use my calculator to
N 176 find the cube root of
B this complex fraction,

r=0.625= N -/

The scole factor that refates the smaller cylinder to the larger cylinder is g. Since the rutio of any

corresponding dimensions must hove the same volue s the scele factor, the value of the rotio of
corrgsponding lengths must be 5: 8.

3. The height of a pyramid is :3; the height of a similar

if { use h to represent the heig’h\t\\
of the larger pyramid, then the
height of the smaller pyramid is

pyramid. Hthe volume of the smaller pyramid is 1,000
cubic units, what is the volume of the larger pyramid?

Let b represent the height of the larger pyramid. Then the

3 .
height of the smaller pyramid is %h. The scale factor of the 5 [ By the value of the ratio of

corresponding heights, the scale
factor from the larger pyramid

similarity transformation that takes the lorger pyramid to
the smualler pyromid is % The volumes of similor figures
are relaied by the cube of the scole factor,

2
to the smaller pyramid is T

% 3
Volume(smaller pyramid) = (ﬁ -Volume(larger pyramid)
Z7
1000 = P Yolume(larger pyramid)
2370.37 ~ Volume(larger pyramid)

The volume of the larger pyramid is approximately 2370. 37 cubic units.
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 Homework

GEGMETRY

Lesson 10: The Volumes of Prisms and Cylinders and Cavalieri’s

Principle

1. In the diagram below, the line y = 2 intersects the triangles as shown. Show that AB = CD = EF.

I S

MN lies on the line with equation y — 1 = -Z(x —1). The
v-coordinate of 4 is 2.

//To find the length of the line

7 —q = i(x —1) segment intersecting a triangle on
2 ‘ the coordinate plane, | have to find
1= §(x ~ 1) the coordinates of the points
2 where the line intersects the sides
% — of the triangle. | have to find the
3 equations of the lines that contain
5

- the sides of the triangles.
3= " \\ -/

The coovdinates of point A are (g, 2).

P lies on the line with equation y — 1 = —1(x — &). The y-courdinate of B is 2.
Z—1=~1{x—-6)

1= —1(x~ 6)
—1=x—-6
E=x
The coordinates of point B are (5, 2),
EU R!KA Lesson 10: The Volumes of Prisms and Cylinders and Cavaiieri’s Principle 27

© 2015 Great Minds ereks-math.org
GEQ-M3-BIWH-1.3,0-10.2055




28

GEOMETRY

Now | can use the
distance formula with
the coordinates of the

15 57 endpoints that | found.
- -3 e

;; — e
2 3
AB = 16)2
A
AH—1
T3

The length of the portion of the line ¥ = 2 that intersects triangle MNP is %ﬁ.

RS lies on the line with equation v — 1 = z (x 7 The y-coordinate of R is 2.

Zmiwg@w?) ﬁi;ﬁ“”ﬁm

3 Now | will use the same process to
1::F(x—-’7) find CD and EF.
oF

5
§=x-m7
5
§+7*:x
6
El

The coordinates of point £ are (—?, ij

ST lies on the line with equotion x = 12, so the coordinates of point D are {12, 2).

gz

!!(36 ?’;6)

Fhe length of the portion of the line v = Z that intersects trigngle RST is 2 5 2 soit Follows thot
AB = CD,

Lesson 10: The Volumes of Prisms and Cylinders and Cavalieri’s Principle Eumm
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The coordinates of point £ are (16,2,

GEORETRY

LY lies on the iine with equation y — 1 = %{x — 18). The y-coordinate of F is 2.
2—-1= 3 x—18
i= > ia
=3 (x~18)
' i8
5= X
2 +18 =
3 =
58
T =X
The coordinates of point F are (E,f 2).
L&
EF = \/(?_" 16) +{2—2)?
EF = (58 ) oz
I AN
bF - (10)2
T J\3
19
EF =

The portion of the length of the line v = 2 thot intersects triongle XY Z s %ﬂ, 50 it foliows that

AB = CD = FF,

2. Why do a right circular cylinder and an oblique
circular cylinder, both having bases with radii
of r and heights of h, have the same volume?

The cross-sections of o generol cylinder are
identical. If the cross-sections of the obligue
cirgular cylinder ore repositioned so thot their
centers lie on a fline perpendicular to the base, then
the resulting solid would be o right circular cylinder.
Since the resulting solid is made up of oll the same
cross-sections os the original obligue cylinder, their
volumes must be the same.

I saw in the lesson that a stack of paperh
the same stack of paper whether it looks
like a right prism or an oblique prism. if
the bases and heights are the same, the

volumes are the same.

Lesson 10:

EUREKA
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Homework Helpe

Use Cavalieri’s principle to explain why a circular cylinder with a base of radius 9 and a height of 4 has the
sarme volume as a rectangular prism whose base has side lengths of 9 and 9 and has a height of 4.

The aren of the base of the circulor cylinder:

Areq =1 . 12 Cavalieri’s principle is based\\

Area = - 9% on the areas of cross-

sections of solids. The given

Area = Bin
solids are both general
The greq of the base of the rectangular prism: cylinders, and | know that all
Area = length - width cross-sections in ageneral
Area = 9 . 9 Fylmder are identical, so |
just need to show that the
Area = 8l1mn areas of the bases of the

\io!ids are equal. /

The areas of the boses of the circular cylinder ond the rectangalar prism are both B1m. Ail
cross-sections of o general cylinder made parailel 2o the base of the cylinder have the same area us the
base, This means that every cross-section of the circular cylinder has on oreo of 81n. Since a prismisa
general cylinder, it is also true that every cross-section of the prism mode paraliel to the base of the
prism hos on arew of 81w, Eoch of the given sofids hos o height of 4; thus, both sofids have
cross-sections of equol oreas of every height. By Cavolieri’s principle, the two solids must hove the
sgme volume,

30
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GEOMETRY

Lesson 11: The Volume Formula of a Pyramid and Cone

1.

Find the volume of the rectangular pyramid shown to the right.

1
Volume = B - h
¥

The volume of a pyramid

i
Volume = 3 {-w) is ~31— of the volume of a

prism that has the same
base and height.

i
Volume = §(4§~ 43-3

Volume = 16

The volume of the rectangular pyramid is 16,

in an earlier lesson, the area of an ellipse was approximated by averaging approximations from inner and
outer polygons. A given general cone has the elliptical base shown in the image and has a height of 9
units. Use the average of the approximations of the base area to find the approximate volume of the
cone.

- 3 b N - The volume formula for a general cone is V = %Bh,
‘ N where B is the area of the base of the cylinder and h is
3 ; . the height. I need to start by approximating the upper
% a2 a 5 1 1% 5 and lower areas of the base and then average them.
RN g S

Answers may vary depending on the size of squares and right
trivngles used to compose the approximating palygons,

A fower approximation of the arec of the eilipticel buse is 34

sguare units. An upper approximotion of the areq of the base is T ] :
52 square units. The average of the approximotions is 43 S B e et e e
SOuare units,

1
Veolume = EB h

i
Volume =~ 3 (43)(%)
Volume = 129

The approximaote vofume of the general cone is 129 cubic units.

Eu REKA Lesson11: The Volume Formula of a Pyramid and Cone 31
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3. Atriangular pyramid has an equilateral base with side lengths of sand a
height of h. The pyramid is sliced along a cross-section paralie] to its base

at a height of%h. Calculate the volumes to show how much larger the
volume of the solid below the cross-section is than the velume of the solid
above the crass-section.

The sectipn of the splid thot iz obove the cross-sectional cut i3 similar to
the origingl pyramid by g difotion centered at the apex of the pyramid
with o scole foctor of é,,

omework Helg

The volume of the origingl pyramid, V, requires the crag of the eguiloteraf tripngle base, B. The height
of the triongle must be colculoted using the Pythagorean theorgm,

h= % §-V3 The rotio of side lengths in o 30-60-90 triangle is 1:3: 2,
8 ! hi
= R
2 //Ifi draw one altitude inan \
B= ..1, 5 - (E . S@) equilateral triangle, the altitude
2 _ 2 divides the triangle into two
B = s*/3 30-60-90 right triangles. |can
T4 use the ratio of the side lengths
1o calculate the height of the
V= 13 h triangle and the area of the
3 '\\base of the pyramid. /
v LB,
3y 4
e
s“hv3
Vosm e
iz
L ¢ g STRVE
The volume af the original pyromid is T

By the scaling principie for volume, the volume of the similor pyromid, V, that lies above the
cross-section is the cube of the scale foctor times the volume of the original pyramid,

v - (1)3 ‘ s2hV3

2 iz :
1 s%BV3 | have muitiple volumes to work
s =g 12 with, so | should use some
. subscripts to keep them organized.
B Sikﬁ R P g
¥ 96
_
The volume of the similor pyramid thot lies ghove the cross-saction Is L ES
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GEQMETRY

The volume of the origingl pyramid thot Hies below the cross-section, Vy, is the difference of the
volunes.

Vp=V-V;
23 sPhV3
PTT327 7 796
8s?hV3  $*RV3
BT 96
75 h3
b= T
The volume of the pyromid that lies below the cross-section is ZSZ’:/E.

The value of the rotio of the volume of the pyramid
below the cross-section to the volime of the pyromid
obove the cross-section is

If | want to know how the volumes
compare, | can use a ratio and the value
of the ratio to show the relationship.

752 h3

g _7s°hV3 96 .

s2hy3 9  ¢2j3
96

The volume of the pyramid that lies below the cross-section is 7 times the volume of the pyramid that
lies above the cross-section.

Note: Without calculating the volumes, this question could be answered using the scaling principle for
volume directly.

EUREKA Lesson 11: The Volume Formula of a Pyramid and Cone 33
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GEOMETRY

Lesson 12: The Volume Formula of a Sphere

1.

34

Find the volume of a solid sphere, V, that has a radius of 5 -;-Cm.
V= ?i;nﬁ The volume formula for a sphere is
3
4 = %ﬂrr3, where r represents the
4 1 '
V=on (5 E) radius of the sphere.
4 r11)?
v=in(3)
4 7133t It's often easier to work with mixed
V=-gl—- . .
3 ( 8 ) numbers if they are converted into a
1331 fraction greater than one.

Vﬁyﬁwﬁgé.g

The volume of the solid sphere is approximately 696.9 cm®,

The sphere in Problem 1 has a spherical cavity removed from its center. The remaining sheli hasa
uniform wall thickness of 2 cm. Find the volume of the spherical cavity, V..

The wali thickness mokes up 2 em of the rodius of the /
original sphere, so the cavity must hove a rodius of 3% o To find the volume of the spherical
cavity, | need to know its radius.
V. = 4 .3 The thickness of the shell is 2 cm,
¢ =TT j
3 so the radius of the cavity must be
k: :
v, = in’ (3 1} 2 crn less tf'aan the radius of the
3 E original solid sphere.
v o=ty (2)3 \‘\ //
R RV
4 /343
Ve=5r(%)
V=227 ~179.6

The volume of the spherical cavity is approximately 179.6 cm?®,

Lesson 12: The Volume Formula of a Sphere
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 Homework Helper

3,

of Functions

GEOMETRY

What is the volume of material that ties outside the spherical cavity, ¥,,?

The volume of the material that lies outside the spherical cavity, V.., is equal to the difference of the
total volume of the sofid sphere, V, and the volume of the sphericol covity, V.

Vp=V—-V, /To obtain the most accurate answer, | should subtract
_ 133 343 the exact volumes that | calculated in Problems 1 and 2.

V== H—= "
Using the approximate values could give me a
Vg = ?gﬁn = B17.3 significant rounding error.

The volume of the moterial thot lies outside the spherical cavity is opproximately 517.3 cm?®,
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Lesson 13 How Do 3D Printers W

1.

36

Ly

GEQMETRY

orlk?

A solid sphere is to be printed on a 3D printer with a radius of 15 units.

If the object will be printed using eight equally thick layers of print media, what must be the
thickness of each layer?

With a rodius of 15 units, the greotest wideh and

total height of the printed sofid must be 30 units. The radius is only half of the height
30 3 and diameter of the spherical object,
i 3}};— so | have to double the radius before
{ determine the thickness of the
Divided into eight equally thick fayers, each layer printed layers.

3, ,
mustbe 3 3 units thick,

The first layer of the printed solid is drawn in the grid below from a side view. Draw the remaining
layers that will give the closest approximation of the sphere.

I need to look forthe\\
point of intersection

of the sphere with

the top of each new
layer. If the layers

are not wide enough,
the sphere will be

incomplete. /

Noah, the printer, plans to produce several printed spheres using the 3D printer. Are there any
modifications that can be made to the above design to conserve print media? Explain.

The printer could conserve print medio by removing some of if | want to conserve N

the materiol from the centers of loyers two through seven, material, | need to look

feaving o hollow core Inside the sphere, Muoteriol cannot be for places where material

removed from fovers one or eight becouse this would result in can be removed without

agles in the puter surfuce of the printed sphere, affecting the structure of
the resulting figure.

/
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GEOMETRY

d. After producing one printed sphere, Noah determines that his product is not a close enough
approximation of a sphere because he cannot easily roll it. How could Nozh design a closer
approximation of a sphere?

Noal’s printed sphere has only eight layers so the /’
Noah's design does not have enough

top and bottom of the printed figure are foirly

large, flot surfoces. [f Noah can produce the primted layers to look much like a sphere. In

figure using a greoter number of layers, each layer order to look more round, the layers

would be u closer approximation to o layer within woulid have to be much thinner and

the sphere and would aiso hove less waste. closer in diameter. In order to make
thinner layers, | would have to make

many more layers.
. /

2. Acircular cone with a base radius of 13.7 millimeters and a height of 11 millimeters is to be printed on a

3D printer. The printer filament to be used is cylindrical and has a diameter of 1.75 millimeters, There is
a length of approximately 1 meter left on the spool. Will there be enough filament to print the circular
cone?

iet V. represent the volume of the cone to be approximuted.
3D printers do not produce exact

Vs %m‘z ¥ ] 3D objects because they printin
1 ) layers. 1 can determine the
Ve=3m(13.7 mm)”: 11 mm approximate volume of filament

1 2 needed by calculating the volume
Vo =zm 187.69 mm" - 11 mm of the exact circular cone.

2064591 : \ ,/

Ve == mm® ~ 2162.0 mm’

The volume of the actual cone is opproximately 2,162.0 mm®; however, the printed figure will be on
approximation of the cone and will, therefore, contain slightly more material.

Let V ; represent the volume of filament avaifable for the print job.

1m = 1000 mm If the filament is cylindrical, | can find

Vi= nrt h the volume of material left on the
s 2 spool using the volume farmula for a
vp=n (222" 1000 mm circular cylinder.

Vy = 7656257 mm® =~ 2405.3 mm®

The volume of filament left on the spool is approximoiely 2,405.3 min®, which is about 243.3 mm®
more than the amount needed to prin gn exact circulor cone. If the printed approximation of the cone
is a close enough approximation, there should be enough filament left for the print job.
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