





Homework Helper

GEOMETRY

Lesson 1: Scale Drawings

1. What is a well-scaled drawing?

A well-sealed drawing of o figure is one where corresponding angles are equal in measure, ond
corresponding lengths ore oll in the same proportion.

2. Triangle DEF is a scale drawing of triangle ABC
with scale factor r. Describe each of the following
statements as sametimes, always, or never true,
and justify your response.

a. DE > AB

| should remember that a scale drawing
of a figure is made without respect to
the orientation of the original figure.

Sametimes but onfywhenr > 1

b. msE <m«B

Never because corresponding angles between scale drawings are equal in measure

EF _ BC

DF ~ AC

Alwoys because distances in o scole drowing are equol to their corresponding distances in the
EF _ r(BF) _ BC

original drowing times the scale factor: —— =~ OF;  Ac
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GEOMETRY

Triangle ABC is provided below, and one angle of scale drawing A A'B’(’ is also provided. Use

construction tools to complete the scale.drawing so that the scale factor is7 = 3. Explain your
construction. How do you know that A A'B'C’ is in fact a scale drawing of A ABC with scale factor r = 37

Extend both roys from B'. Use the compass io
mark off a length equal to 3(AB) on one ray and I should remember that a scale drawing
@ length equal to 3(BC) on the other. Lobel the of a figure is made without respect to
ends of the two lengths A' and ', respectively. the orientation of the original figure.

Join A" o ¢,
By measurement, eqch side Is threg times the length of the corresponding side of the origingl figure,
and ali three engles are equal in measuyrement to the three corresponding angles in the ariging! figure,
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Lesson 2;

GEQMETRY

thod

Making Scale Drawings Using the Ratio |

What does the ratio method rely on?

To apply the ratio method, dilate key vertices of

the provided figure by the scale fuctor. The 1 should remember that a ruler is
ivcations of the image points depend on the scale critical when applying the ratio
factor and the distance of each point from the method in order to measure and

center. If the scale factor v is greater than 1, the accurately locate image vertices along
points will move r times the current distence each ray from the center.

oway from the center; a scale factor v that is less
than 1 will mean the vertices move 1 times the
current distance toward the center.

Create a scale drawing of the figure below using the ratio method about center 0 and scale factorr = 2.

| must measure the lengths 04, 0B,
and OC and double each of those
lengths along the respective rays to
locate A’, B’, and C".

J
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GEOMIETRY

3. Create a scale drawing of the figure below using the ratio method about center O and scale factorr = ;-

| must measure the lengths 04 and OB
and take one third of each of those

lengths along the respective rays to
find A" and B'.

4 Lesson 2: Making Scale Drawings Using the Ratic Method EUREKA
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GEOMETRY

thod

Lesson 3: Making Scale Drawings Using the Parallel |

1. Use the step-by-step guide below, a setsquare, and ruler to construct parallelogram EFGH, provided side
EF and vertex H.

Step 1

H

Step 2

Align the setsquare and ruler; one leg of the setsguare should line up with side EF, and the
perpendicular leg should be flush against the ruler.

Eu REKA tesson 3: Making Scale Drawings Using the Parallel Methed 5
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GEOMETRY

Step 3

Slide the setsquare up until the leg that was fined up with EF passes through H. Drow g fine that
passes through H.

Sten 4

Use a compass to mark off the length of EF beginning ot H, and lobe! this point 05 G.

H \
i
E F
In order to apply the parallel
Step 3 method, | must be able to use
JeinEtoHandFio 6. a setsquare and straightedge.
H G
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Homework Heiper ns
GEOMETRY

2. Use the parallel method to create a scale drawing of A XYZ about center 0, provided Z'.

When using the parallel
method, | should remember
that one point will be
marked for me (e.g., Z'), or |
will be provided with a scale

factor.
/

Step 1. Draw a ray beginning at O through each vertex of the figure.

Step 2. Align the setsquare and ruler; one leg of the setsquare should line up
with side YZ, and the perpendicutar leg should be flush against the
ruler.

Step 3. Slide the setsquare along the ruler until the edge of the setsquare
passes through Z'. Then, along the perpendicular leg of the setsquare,
draw the segment through Z’ that is parallel to YZ until it intersects
with OY, and label this point Y’

Step 4. Continue to create parallel segments to determine each successive
vertex point.

Step 5. Use your ruler to join the final two unconnected vertices (in the case

of a triangle, Step 4 is done just once before moving to Step 5, but
\\\ with a figure with more vertices, Step 4 may be done several times)./

EURE“ Lesson 3: Making Scale Drawings Using the Parallel Methed 7
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GEORIETRY

Lesson 4: Comparing the Ratio Method with the Parallel

ethod

1. A PRS and A QRS share the same base SR so that points P and  lie on a line parallel to SR.
Demonstrate why the two triangles have the same area; make additions to the diagram as necessary.

Draw aititude PP’ for A PSR. Draw altitude G for A QSR.

Quedrilateral PP'Q'Q is o parallelogram. This implies that PP’ = QQ'. Since the triangles share the
same base and have oititudes of equol length, then the areas of the triangles are equcd.

1 1
Arca(s PSR) = ZSR - PP'= - 5R - Q@' = Area(a QSR)

In order to show that the triangles
have the same area, | need to
consider the elements needed to
find the area such as the height of
each triangle.

Lesson 4: Comparing the Ratio Method with the Parallef Meathod EUREM
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Homework Helper

A Story of Funictions.
GEQMETRY

2. Inthe following diagram, GHH'. A FGH and A FGH' have R —
different-length bases, GH and GH’, and share vertex F. By declarmgf GHH » We know that
Demaonstrate that the value of the ratio of their areas is G, H, and H' are collinear.

equal to the value of the ratio of the lengths of their bases,
that is,

Area(a FGH)  GH
Area(a FGH')  GH"

Make additions to the diagram as necessary.

Draw perpendicutar FF' to GH; FF' is altitude to both & FGH and A FGH'.

Use the area formula for friangles;

i
Area(a FGH) 5GH-FF' GH

Avea(a FGH) 1oy ppe GH”
Z

3. InA QOA'R, Alieson OA’, and B lies on OB’

Y-

a. If AB splits 0A' and OB’ proportionally, what is implied? A
AB | AR B

b. IfAB |} 4'B’, what is implied? Be specific. 0

- o4’ o8
o4 o8’

EUREKA Lesson 4: Comparing the Ratio Method with the Parallel Method g
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GEOMETRY

Lesson 5 Scale Factors

1. Point 0 lies on 'P_é Describe the transformation that occurs based on the diagram below, and state the
relationship between pre-image PQ and image P'(".

Qv

ael
e

P(

A dilation is applied to PQ about O by o scale factorr > 1. Since P, G, and ¢ are collinear, the image
points remain an PQ. By the difution theorem, P’ = v - PQ.

2. Adilation is applied to ST with a center 0 that does not lie on ST. Use a scale factor 7 < 1 to draw a
figure that describes this scenario. Use the dilation theorem to describe two facts about §'7”.

Teend

of
o &

,,M_?% g 3

i H
e,

By the dilation theorem, 57 i W, and 81" = v 8T,

10 Lesson 5: Scale Factors
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GEOMETRY

3. Two different points D and E are dilated from 0. '
a. IfDE =6, and ascale factor v is 1.5, and 0 is collinear \
i must remember that, by the

with D and X, use the dilation theorem to describe two
facts that are known about D'E’,

dilation theorem, a segment that
does not contain the center of
D'E' =1.56 =9, and DE = D'E.. dilation wifl map to a parallel
segment while a segment that
contains the center will map to a

b. If a different center, C, which is not collinear with D Segment be]onging to the same
and E is used, what changes about the facts known line.
regarding D'E’? \ ,.//

D'E' is still 9, but now DE || D'E’.

EURE“ Lesson 5: Scale Factors 11
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GEQMETRY

Lesson &6: Dilations as Transformations of the Plane

1. We have studied two categories of transformations. What are they, and what distinguishes each one?

We have studied transformations that are distance-preserving {rigid} ond o kind of transformation thot
Is not distonce-preserving (not rigidj—diletions. Distonce-preserving transformations—rotations,
reftections, aond translations——are such that the distance between any two points of o figure is the some
as the distonce between the imoges of these two points. Under a difation from O, a point P is assigned
te a point F(P) so that OP' = v - OP; this means thot distances under g dilotion ore scolad ond ore,
therefore, not preserved,

Any transformations map lines to
lines, rays to rays, segments to
2. What property do dilations have in common with basic rigid segments, and angles to angles.
motions?

Both rigid motions and dilations preserve angle measure.

3. Use either a ruler or a compass to dilate ZABC from O by a scale factor of r = 2. Use a protractor to
confirm that the dilated angle still has the same angle measure.

12 Lesson 6: Dilations as Transformations of the Plane EUREK A
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- Homework Helper

GEOMETRY

4. Write the inverse dilation that will map the image point P' back to P.
2. DoalP)  Dyi(Pos(P)=P

Dilations have inverse functions that
b, DO%(F‘) ﬂog (DQ%(P)> =p return each dilated point back to itself.

c. Dya(P) ﬁo,ﬁ(ﬁog(m):f’
:6 .Jl_—’

EU REKA Lesson 6: Dilations as Transformations of the Plane
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GEOMETRY

Lesson 7: How Do Dilations

1. Consider a dilation of a segment, AB, where the center of dilation, Q, lies on AB. Explain why
AB = A'B’. Do all the points between A and B map to all the points between A’ and B'?

By definition of dilation, A maps to A’ along 04, and B mops to B' along OB; hence, A8 = A'B’. The
dilotion also maps alf of the points between A and B to all of the points between A' and B,

2. Fillin the missing steps of the proof:

Let O be a point not on W and Dy - be a dilation with center 0 and scale factor v > 1 that sends point P
to P’ and { to Q'. If R is another point that lies on PQ, then Dg -(R) is a point that lies on P'Q".

™

My planis to use
the given definition
of dilation, triangle
side splitter
theorem, and
parallel postulate to

0 Z\\\ﬂnish the proof,
1. Adilation Dy, with center O and scale factor | Given
7 sends point P to P' and Q to Q.
op' oo . L .
—— = 8 ghilat
2. or =g =" v definition of ion
3. PG i P’Q} By the triangle side splitter theorem

14 Lesson 7: How Do Difations Map Segments? EUMM
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story of Functions

GEQMETRY
4. Llet R be a point on segment P() between P Given
and Q. Let R’ be the dilation of R by Dg ;.
5, orl or" 7 By definition of dilation
oFr ~ OR
6. P'R'|| 'ﬁ By the triangle side splitter theorem as applied to
A OPR and the fact that 156 and PR are the same
line
7. PR =P By the parallel postulote which states that through
a given external point P', there is at most one line
poraile! to o given line P§
8. The point R’ lies on ‘5775?. By Step 7

Eu REKA Lesson 7: How Do Dilations Map Segments? 15
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GEGMETRY

Parallel segments, TU and VW, in the plane are of different lengths. Wil a dilation map T to VW ?

Rays VT and WU intersect ot v point, 0. Since TU || VW in & OVW, T is o proportional side splitter.
if the sides of the triangie are split proportionaily, there must be ¢ difation with the center at 0 gnd o

scale factor v = F,};g = %g that maps TH 1o VW,

i

16 Lesson 7: How Do Dilations Map Segments? E“RE“
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Lesson 8 How Do Dilations

ap Lines, Rays, and Circles?

in the diagram below, A’B’ is the image of AB under a dilation from point 0 with an unknown scale
factor; A maps to A, and B maps to B'. Use direct measurement to determine the scale factor r, and
then find the center of dilation 0.

| need to use the definition of
dilation and my ruler. | will use
centimeters, but | could use
inches.

B B A A

G- & % @

By the definition of ditation, A'B' = r (AB), 0A' = 1(0A), and OB’ = r(0B).

. AR 5
By direct measurement ——- = - = Z=r

The images of A and B are pushed to the left on AE under the dilation, and A'B’' > AB, so the center of
dilation must Jie on AB to the right of points A and B.

By the definition of dilation,

04 = 2(04)
| remember from the lesson (0A+ AA") = 2(04)
that the length of 0A' is;d}e 04+ A4 _ 5
union of the lengths of 04 OA
AA 04  AA
and AA". 5 + = 7
AX
14+ =2
&A—’ =}
GA
AA" = 1(04)
AA" = 0A

EUREKA Lesgon 8: How Do Difations Map Lines, Rays, and Circles? 17
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GEQMETRY

2. Dilate circle A with radius AB from center O with a scale factor r = —3

/;Xfter | have drawn the rays OA\\

and OB, | can use my
setsquare and the paraliel
method to dilate the points A
and B, The segment AB is the
radius of circle 4, the segment
A’B" will be the dilated radius

of the tircle A'.

| can use my compass to draw a
circle with the dilated radius and
centerd’,

18 Lesson 8: How Do Difations Magp Lines, Rays, and Circles? EUREM
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GEQMETRY

Lesson 9: How Do Dilations Map Angles?

1. Shown below is A ABC and its image A A’B'C’ after it has been dilated from center O by scale factorr =
gn. Prove that the dilation maps A ABC to A A'B'C" so that m£A = m£A', msB = msB' and ms( =
meC’.

A A

L

| will use what | know \
about corresponding
angles and alternate
interior angles being
equal in measure
when parallel lines are
cut by a transversal.

/

Locote the center of dilation O by drawing rays through each of the pairs of corresponding points. The
intersection of the rays is the center of dilation 0. Since dilations map segments to segments, and ifie
dilated segments must either coincide with their pre-imoge or be paraliel, then we know that AB ||
AB ACNAC, and BC | B'C.

Then:

- L A'B'C s congruent to LABCL. If poroliel lines (A8 | ‘Zﬁéﬁ} are cut by o transversol (BE), then
corresponding angles are congruent.

- £A'C'B'is congruent to LACE. If parallel lines {AC | A7C’) are cut by a transversol {BC), then
corresponding angles dre congruent.

clternaiing interior angles are congruent.

- 2A'R Aiscongruent to < B'A'C. if parallel lines (A€ | A'C'} are cut by o tronsversal (A'B’}, then
aiternote interior angles are congruent. '

By the transitive property, LBAC = +A'B'A = (B'A'Cand LB'A'C' = ¢BAC. Since congruent
angles are equol in measure, mLB'A'C’ = miA', and mLBAC = moA; then, mLA = mcA'. Similor
reasoning shows that meB = msB', and msC = msl',

EU“KA Lesson 9: How Do Dilations Map Angles? 189
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GEOMETRY

2. Dilate pentagon ABCDE from center G using a scale factor of r = ;

c

D 0 \\

| know the ratio of the
corresponding sides wili
A be the same and the
£ corresponding interior
angles wili be the same
measure in the dilated
pentagon.

/

A dilation maps o pentagon 1o o pentagon so that the ratio of corresponding sides is the same and
corresponding interior angles are the same meosure.

3. Dilate quadrilateral ABCD from center O using a scale factor v = 2%.
B

*o

A dilation miops o guodriiateral to o
guadrilateral so that the ratio of
corresponding sides is the same ond
corresponding interior angles are the
SHME mensure.

- Since the center of \
dilation is inscribed in
the quadrilaterai, and
the scale factorisr > 1,
| know the dilated
guadrilateral will
circumscribe the pre-

image. /

20 Lesson 9 How Do Dilations Map Angles? §m RE“
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Helper AStory of Funct

GEOMETRY

Lesson 10: Dividing the King's Foot into 12 Equal Pieces

1. Inthe following diagram, Ay, Ay, ..., Ag have been constructed to be equally spaced, and segments
AyBy, A3B,, ..., AgB are parallel by construction. Is segment AB divided into five equal lengths? Justify
your answer.

1.did a similar problem
like this in class.

o
-
~
-

£ 15 o
ey
o o
A
PN a,
Ay n e
! N

Ay T ™ e I

% . . .
.{"’i'j_ e . . .
& " . .

,,,,, \‘\k S \\\' ’\“\ o,
[ ot g g Ty y
A B B, E; By B

Segments A, B end A, B, are parallel by construction. By the triongle side splitter theorem, both
segments are proportional side splitters of triangle AB Ay, We also know thot Ay, A, ..., Ay are equaliy

. . Ay ABy _ 1 Ady _ AB; 2 . ,

spaced by construction, This menans that—wA i AR "5 ond that Fy iy T By similar regsoning,
AB; _ 3 ABy & _ 1 _ 2 3 _
we can show that;;—ﬂ— = andﬁ =3 Then, AB; = EAB, AB, = EAB, ABy = EAB, and 4B, =

2 AB. Then, segment AR is divided into five equal lengths.

EURE“ Lesson 10: Dividing the King's Foot into 12 Equsl Pieces 21
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GEOMETRY

2. Draw arectanglethatis exactly% shaded.

One solution might be to first use the
side splitter method to divide a segment
into five equal lengths and then build a
rectangle around the endpoints of the
divided segment.

Possible solution:

7

22 Lesson 10: Bividing the King’s Foot into 12 Equal Pieces ﬁumm
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GECMETRY

3. Use the dilation method to divide ST into three equal fengths.

,"-*”‘/;{FJ A.’{i}::vh“‘&
o ) T 3
,.:. % 4 . :ﬁ%}&« o g {
A B B Hime
e 4 j ", ™
- 4 ™ o,
7 s, ",
e - / s, T oy,
-5 T
- / ™ ",
s, e,

When using the dilation method, |
remember to make the ray parallel to
the segment clearly longer or shorter
than the segment.

Lesson 10: Dividing the King's Foot into 12 Equal Pieces
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GECMETRY

Lesson 11: Dilations from Different Centers

1. Dilate the point P from centers 0; and 0; by a scale factor of v = 2. What do you notice about the line
that passes through P; and P, with respect to the line that passes through 0, and 0,7

/’The dilation from ‘\

two different
centers with the
same scale factor
will resuit in the line
passing through the
two centers and the
line passing through
the two dilated
points being parallel.

Lines Py Py ond 04,0, are paroliel,

.
.
., .
) -
\,‘ A
g
P
S
\.n'.
o .
P
e
."f \"\
# .
v ™
"*n,,h i\"\‘
- .
~
‘“b‘l“"u.
2SN

24 Lesson 11:
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GEOMETRY

2. A A,B,Cy is a scale drawing of A ABC with scale factor 1y, and A A,B,C, is a scale drawing of

A A1 B, C; with scale factor s,
a,

Determine the scale factor r; for A A{B,C; {relative to A ABC). | can measure and use
the definition of
dilation to determine
the scale factors.

T1=3

Determine the scale factor r, for A A, B5C; (relative to A A;B4Cy).
1

?‘2=:§:

Show the calculation to find the value of the scale factor, 7, of the dilation that takes A ABC to

The scale foctor that tokes A ABC to A A, B,C, is u product of the individual scale factors of the
composition of dilations,

3
T:rirzzg

EUREKA Lesson 11: Dilations from Different Centers 25
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GEOMETRY

3. Segment A, B is dilated by a scale factor r; from 0y and results in segment A, B,; segment A, B, is
dilated by a scale factor r;, from 0, and results in segment 43 B;.

a. Determine the scale factor r, of the dilation that results in scale drawing 4, 5,.
1

Tjﬂ'i

b. Determine the scale factor 1, of the dilation that results in scale drawing A3 B5.

r1z§

¢. Determine the center of the dilation, 03, that'would map 4; B, to 43B5. What is the value of the
scale factor, r, of this dilation?

1
?"::Tj?’“zzg

d.  What is significant about the position of 05 with respect to 0 and 0,7

(33 is colfinear with 04 and O,

26 Lesson 11: Ditations from Different Centers EUREM
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GEOMETRY

What Are Similarity Transformations, and Why Do |

Lesson 12:

NMeed Them?

1. Whatis a similarity transformation?

A similarity transformation is a composition of o finite number of dilations or basic rigid motions. The
scale factor of g similarity transformation is the product of the scale foctors of the dilations in the
composition. if there are no dilations in the composition, the scale factor Is defined to be 1.

A similarity tronsformation does not need to have a difation. A squaore is u special type of rectangle, but
the relationship does not work in reverse; a similar such relotionship exists beiween congruence
transformations and similarity tronsformations. A congruence transformation is a similarity
transformation where the scale factor is 1. Similarity transformations generalize the notion of
congruency.

2. Figure P is similar to figure P’. Describe a similarity transformation that maps P onto P’ with as much
detail as possible.

2

et
| can see that | will
have to reflect
figure P and then
dilate the reflected
image to the right
size.

Figure P is reflected over a line £, yielding P, and then diloted from g center, 0, by a scale factor of
r > 1, resulting in P'.

EURE Lesson 12: What Are Similarity Transformations, and Why Do We Need Them? 27
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GEOMETRY

3. Figure F is similar to figure F'. Describe a similarity transformation that maps F onto F’ with as much
detail as possible.

{ will have to use
basic rigid mations
and dilations to
describe the
similarity
transformation.

Figure F is rotated about €, yielding the imoge Fy. Then F is dilated from o center, O, by a scole
foctor of v <4, resulting in Fy. Finally, F, is reflected over a line £, resulting vs the figure F',

4. s there a similarity transformation that maps rhombus F to rhombus §? Use measurements to justify
Your answer,

There is no similarity transformation that maps figure F to figure G since any dilation involved in such o
transformation would create o scole drowing of figure F, which G is not. This can be proven by
comparing corresponding sides to correspending diagonals, which are not in the same proportion.

28 Lessor 12: What Are Similarity Transformations, and Why Do We Need Them? EUREM
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GEOMETRY

Lesson 13: Properties of Similarity Transformations

Use a compass, protractor, and straightedge for the following problems.

1. Describe the properties shared by transformations.
1) bistinct points are mapped to distinct points.
2} Egch point P' in the plane has o pre-image.

3} Thereis o scale factor 1 for G so that for any
pair of points P ond Q with images P’ = G(P)
ond @' = G(Q), then P'Q = rPQ.

4} A4 similarity transformation sends lines o lines,

rays to rays, line segments to line segments, ond
parallel lines to paraliel lines,

5) A simifarity tronsformation sends angles to
angles of equal measure.

/Imust remember that these properties\

are true for dilations, rotations,
reflections, and translations. Some
properties, like property 3, may seem
to apply only to dilations, but property
3 is applicable for any transformation
because in a congruence, for example,
the scale factor is 1, which makes the

property true. //

6} A similarity transformation mops a circle of rodius R to a circle of radius rR, where v is the scole

factor of the similarity transformation.

7} Al of the properties are satisfied by u similarity tronsformation consisting of o single transiation,
reflection, rotation, or dilation. If the similarity transformation consists of more than one such
transformation, then the properties still hold becouse they hold ane step ot a time.

EU REKA Lesson 13: Properties of Simifarity Transformations 29
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GEOMETRY

2. Theimage of segment AB under a similarity transformation is segment A”B". Apply the similarity

transformation if the composition is a dilation from O with scale factorr = éfoilowed by a reflection over
line £.

30 Lesson 13: Properties of Similarity Transformations Eu RE“
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GEQMETRY

3. tLocate point P'"' by applying the following similarity transformation: 7 (Do,z (Rc,eo“(P)))-

#C

The order in which | apply the
similarity transformation is rotation,
dilation, and then reflection.

*0
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GEOMETRY

Lesson 14: Similarity

Use a compass, protractor, and straightedge for the following problems.

1. Similarity is reflexive. What does this mean? Sketch or describe two examples that support your answer.

We learned that similarity is
reflexive. That means that a figure
in & plane can be mapped to itself
by a similarly transformation.

Possible solutions:

Example 1 }f\\iﬁ

AB = ro(ro(AB))

¥
A sequence of two reflections over line £ will map / B
AR to itself. A

Example 2
AB =TT g (T (AB)))

A sequence of three transiations maps AR bock
onte fiself

32 Lesson 14: Simitarity ﬁ“ﬂﬁ“
MATH

© 2015 Great Minds exrekg-math,org
GEC-MZ-HWH-1.3.0-08.2015



GEOMETRY

2. Similarity is symmetric. What does this mean? Describe an example that supports your answer.

When we say similarity is symmetric, we mean if a figure A in the \
plane is similar to o figure B, then it must be true that B Is similar Once a similarity

to A or thot there exists o similarity transfarmation that will mep B transformation is -

to A, determined to take a

figure to another,

there is aninverse
transformation that

will take the figure

back to the original. /

This is frue because for every composition of transformations, there
is & composition that wilf undo or reverse the first compaosition. For
example, & composition of a dilation by a scole factor of 3 followed
by a rotation of 30° can be undone by o rotation of —30° followed

by o dilation by a scale factor of %.

Similarity is transitive. What does this mean? Describe an example that supports your answer,

When we say similarity is transitive, we mean If a figure A in the plane is similar to 4 figure B, ond if B
is similar to o third figure C, then it must be true that A is similar to C or that there exists a similarity
transformetion that will map A to C.

This is true because if there is a composition of transformations T4 thatmaps Ate Band a composition
of transformations T, that maps B te €, then the composition of Ty and T, together wilt map 4 to €.

For example, if T4 is ¢ compasition of a reflection across a line £, followed by o rotation of 90° about o

center C ond T, Is o composition of o translation by vector AB followed by a dilation from O by a scale
factor of 2, then the similarity transformation that will map A to Cis

C=DBg, (Tz;‘;‘ (Rr:,'w (W(A))))-

Eu REKA Ltesson 14: Simiarity 33
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GEOMETRY

4. A correspondence exists between A EFG and A XYZ sothat A EFG & A XYZ. Under this
_ - Xy _ Yz _ZX
correspondence, m£E = msX, msF = meY, m2G = mzZ, and il

AEFG~AXYZ.

Demonstrate why

M_"“M
| will use my definition of similarity

to show why A EFG ~ A XY Z.

Since corresponding side lengths of similar triangles are proportional, o dilation exists so that the

XY _YE  zX

sewde foctorisr = T o This means that the dilation with scole factor v mops A EFG to

A E'FG'sothat B'F = vEF or E'F = EF, F'G' = PG, and G'E' = 22 GE. This means thot
AE'FG = A XYZ. Since the triangles gre congruent, there must exist g congruence that mops
A E'F'G to & XYZ, Then together, the dilation and the congruence imply that o similarity
transformation exists that maps A EFG to A XYZ, and so & EFG ~ A XYE.

Similarity is symmetric becouse once a similarity transformation is determined to take o Figure to
angther, there ore inverse transformations that will take the figure back to the origingd,

34 Lesson 14: Siratiasity EURE“
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A Story of Functions
GEOMETRY

Lesson 15: The Angle-Angle {AA) Criterion for Two Triangles to Be

Similar

Use a compass, protractor, and straightedge for the following problems.

1. State the angle-angle {AA) criterion for similarity. Why is it necessary to establish that enly two pairs of
arigles are equal in measure?

Two triongles with two pairs of corresponding angles of equal measure are simifar. If two
correspanding pairs of angles of two triongles are equal in meosure, then, by the triangle sum theorem,
the third pair of corresponding ungles must alsc be equal in measure. Therefore, it is only necessary to
establish that two poirs of angles are equal in measure.

2. Are the following triangles similar? Yl

| can use my answer from Prablem 1
to help me with this problem.

The triongles are not similar. They each have one

ongle with o measure of 96°, but the remaining two

angles are not equol in measure between the two 96 53

triongles. By the triangle sum theorem, the remaining 30°
angle measures of A EFG ore 53° and 31°, and the

remaining angle measures of A XYZ ore 54° and 30° X

EUREKA Lesson 15; The Angle-Angle (AA) Criterion for Two Triangies to Be Similar 35

MATH

& 2015 Great Minds eureka-math.org
GEQ-M2-HWH-1.3.0-08,2015



GEOMETRY

3.  Are the following triangles similar? If so, explain why, and solve for the values of x and V.

My plan is to use the AA
criterion. | will use what
| know about angles
formed when parallel
lines are cut by a
transversal and vertical

-\::mgies. //

Verticol angles £ GIH and LK1 are equal in megsure, and since GH || KJ, then m2IGH = mcIK],
ang mLIK = msIHG becouse if parallel lines are cut by o transversal, alternote interior angles ore
equed in megsure. Then, by the AA criterion, the trinngles ave simitor.

Since the triangles ore similar, | can now solve for the values of x and y.

¥y &
&, 4
9.

i

5
¥y =975

=3
i

6
X 4
5

e
i
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GEOMETRY

4. Is A ETU similar to A EDF? Explain. If the triangles are similar, find the
values of x and y.

A ETU is similar to A EDF by the AA criterion for similarity. Both triangles
shore 2E, and since TU | BF, m2ETU = m2EDF, and m2EUT = m.EFD
{if paralfel lines are cut by o transversal, then corresponding angles are equol
in megsure}.

2 = x
5 (x+13.75) 2 = 18
_ i ¥y
Zx+2Z7.5 = 12x
2y = 21.6
27.5 = 10x W
y = 10.8
x = 2.75
EU REKA iesson 15: The Angle-Angle (AA) Criterion for Two Triangies to Be Similar 37
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Lesson 16: Between-Figure and

GECMETRY

thin-Figure Ratios

A DEF ~ A ABC All side length measurements are in centimeters. Use between-figure ratios to
determine the unknown side lengths.

Using the given similarity statement, . corresponds with 24, ond 2.C corresponds with 4 F, 5o it
folfows that AR corresponds with DE, AC with DF, and BT with EF.

4.7 C
I know that with between-figure ratios, one number B
comes from one triangle, and the other number in the
ratio comes from a different similar triangle.
AB _BC AB _AC
DE” EF DE = DF
3.4 4.7 3.4 _AC A D E
17 IF 17723 1.7
3.4(EF)=17.99 1.7{A0) = 7.82
EF = 2.35 AC =46

The lengths of EF and AC ore 2.35 centimeters ond 4. 6 centimeters, respectively.

Given A ABC ~ A XYZ, answer the following questions: A

a. Write and find the value of the ratio that compares
the height AB to the hypotenuse of A ABC.

< .

i0 5 | .

b. Write and find the value of the ratio that compares the base BC
to the hypotenuse of A ABC.

8 4 % 4.3 Z

105

c.  Write and find the value of the ratio that compares the height AF to the base BC of A ABC.

& 3
8 4

38
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GEOMETRY

d. Use within-figure ratios to find the corresponding height of A XYZ.

AB XY // o _ \\
BCTYZ | know that for within-figure ratios,
2. ¢ 4 // one ratio contains numbers that
4 48 represent side lengths from one
triangle, and the second ratio

4AY) = 14.4 contains numbers that represent
XYV =36 the side lengths from a second

sirilar triangle. /

e. Use within-figure ratios to find the hypotenuse of A XYZ.

AB XV s
AC X1 | can use my answer from part (d) to
_31 _ iﬁ determine the hypotenuse of A XYZ.
5 X7 ‘
3(XZ) =18
XZ =26
EURE Lesson 16: Between-Figure and Within-Figure Ratios 39
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GEOMETRY

3. Peteis wondering how tall the big screen is that rests on a 100-foot tall platform. Pete asks his friend
Marci, who is 5 ft. 9 in. tall, to stand approximately 18 yards from the base of the ptatform. Lying on the
ground, Pete visually aligns the top of Marci’s head with the top of the big screen and marks his focation
on the ground approximately 2 ft. 3 in. from his friend. Use Pete’s measurements to approximate the
height of the big screen.

- i lknow the two
| need to work in the 7 nested triangles
same units. [ use P formed are similar
feet LT T by AA criterion.
P 1001
-
-7 By sin, l
-~ l)f Loyds.

2t 3.

Pete’s location on the ground is approximately 56. 25 Ft. from the base of the plotform. His visual line
Forms two similar right trigngles with the height of the big screen ond platform and the height of his
friend. Let x represent the height of the big screen.

56.25 _x +100 '/The height of the
| can use - 2.25 575 farger triangie is 100
between—ﬁgure 323.4375 = 2.25x + 225 added to the height
r.atlos or \_’Wthm_ 98.4375 = 2.25x of the big screen.
figure ratios.

43.75 =x

The height of the big screen is about 43.75 ft. {or 43 f£. 9 in.).

40 Lesson 16: Between-Figure and Within-Figure Ratios
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A Story of Function
GEQRMETRY

Lesson 17: The Side-Angle-Side (SAS) and Side-Side-Side (555}

Criteria for Two Triangles to Be Similar

1. State which of the three triangles, if any, are similar and why.

| need to check the \
corresponding sides of

all the triangles {i.e., A

and B, Aand C,and B

and () to determine if |
can use the 558

96 j theorerm. /
A B C

10.8

Triangies A ond C are simifor because they share three pairs of corvesponding sides that are in the same

ratio.

3.6 10.8 12.6 9

2 "6 7 7B

This is true by the

Triangles A ond B are similor because the ratios of their corresponding transitive praperty of
sides are in the same ratio. similarity.

3.6 108 126 6

3 "9 105 5

Further, if triangle A is similar to triangle €, and triangle A is similar to B, then triangle B Is similar to

trinngle €.
EUREKA Lesson 17: The Side-Angle-Side {SAS) and Side-Side-Side (555} Criteria for Two a1
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GEOMETRY

2. State which of the four triangles, if any, are similar and why.

45 1 057
<30°

307

/

A B

~

I will use the angle sum of a
triangle to determine the
missing angle in each triangle.
I will use the AA criterion for
similarity where applicable.

/

Triongles A and B are the enly similar triongles because thay have the some angle measures. Using the
angle surn of a trigngle, both triongles A and B hove angles of 30°, 45°, and 105°,

3. State which of the three triangles, if any, are similar and why.

~

If { have two known sides, the

AN, angle must be the included angle.
1 That means the ratio of the
11 corresponding adjacent sides of
1.4 2.2 the congruent angle must be the
: ' same to use the SAS theorem,
. 7 Y, J
7
A B

c

Triangles A and C are similor because they have two pairs of corresponding sides that are in the same
ratio, and their included angles are equal measures. Triangle B connot be shown to be similor because,
even though it has two sides that are the same length as two sides of triangle A, the 40° angle in
triangle B is not the included angle and, therefore, does not correspond to the 40° angle in trigngie A.

a2 Lasson 17: The Side-Angle-Side {SAS] and Side-Side-Side (555) Criteria for Twe Eumm
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GEOMETRY

4. For the pair of similar triangles below, determine the unknown lengths of the sides labeled with letters.

T

t will use the marked congruent
angles to help determine the
corresponding sides to set up
my ratios.

|

. . . 4 8 .., 3 ., oo B ..

The ratios of corresponding sides must be equal, so S =g givingn = 3 e Likewise, % = -, giving
3

m = 5,

EUREKA Lesson 17: The Side-Angle-Side [SAS) and Side-Side-Side [555) Criteria for Two a3
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mework Helper

GEOMETRY

Lesson 18: Similarity and the Angle Bisector Theorem

1. Inthe following diagram, BD bisects 2B, and AE is parallel to BC. By the angle bisector theerem, since

BD bisects £B, the value of the ratio AB: CB should be equal to the value of the ratio AD: CD. Answer
the following guided questions that help illustrate why this is true,

We can get close to showing that AB: CB = AD: €D by showing that

CB:CD = AE: AD, a relationship that can be established once it is

shown that A BDC ~ A EDA. What information establishes that " Kis helpful to
ARDC ~ A EDA? clearly mark any
£BDC and (EDA ere equal in messure since they are verticol angles. of equal
angles, ond L DBC and £ DEA are equal in measure since they are measure in such a
aiternate interior angles along porefle] lines cut by a transversal, diagram.

Then by the AA theorem, A BDC ~ A EDA. Since the trigngles are
similar, thelr corresponding sides have proportional lengths.

Why is it important to establish the relationship CB: CD = AE: AD?

Qut of the four lengths in the relationship, three lengths {CB, CI3, and AD) are in the retotionship
we ore trying to demonstrate (AB. €8 = AD: CD).

How can we establish a refationship that yields information on the length of AB?

We know that LDBC and £DEA are equal in measure {oiternate interior angles) ond that the
measures of LABD ond L DBC are equal since they are the bisected halves of 2B, This means
that LABD and < DEA are equal in measure, By the converse of the base ongles of an isosceles
triangle theorem, it follows that A ABE is isosceles, and AB = AE.

Lesson 18: Simifarity and the Angle Bisector Theorem E“REKA
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© Homework Helpe: .
GEOMETRY

d. s it now passible to show that AB: CB = AD: CD?

Since AB = AE, AB con be substituted into the relotionship in part Rewriting this
{b) so that CB. CD = (AB): AD. This can be rewritten as relationship will
ARB:CB = AD:CD. e ! require several

\\\aigebraic nroperties.

2. Inthe following triangle, CF bisects 2€ and intersects AB at point E. Find the lengths of x and y.

x+y=8
x=8-y

7 0x
0y
Ty = 10x
7y = 10(8 ~ ¥)
7y =80— 10y
17y = 80
, 80,12
i7 17

-8 (412)—35
= 17) 7 %17

Thelengthofxis 3 %, gnd the length of v is 4 %’25

EURE“ Lesson 18: Similarity and the Angle Bisector Theorem a5
MATH

© 2015 Great Minds eureka-matfi.org
GEO-M2-HWH-1.3.0-09.2015




GEOMETRY

Lesson 19: Families of Paralle! Lines and the Circumference of the

Earth

1. Inthe following triangle, DE || AC.

piopopridonsily,

b. Showthatm:m' = n:n'isequivalentto m:n = m':n'.

Famities of Paraliet Uines and the Circumference of the Earth Eumm
MATH
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GEOMETRY

2. Inthe following figure, lines that appear to be parallel are in fact parallel. Show two different solutions to
solve for the length x.

~

i must remember the
following theorem: If
parallel lines are
intersected by two
transversals, then the
ratios of the segments
determined along each
transversal between the
parallel lines are equal.

14 12 i4 5
B ¥ 12 x
jdx = 68 14x = &0
30 3¢
xm? X'—‘"";f"“

The fength x is equal 1o §£.

Eu REKA Lesson 19: families of Paraltet Lines and the Circumnference of the Earth a7
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3.

GEOMETRY

In the following figure, lines that appear to be parallel are in fact parallel. VW = 4.5, WX = 8, and
SU =10. Find ST and TV,

SU = 14}

Let TU be x, ond 8T be (10 — x).
4.5 10-x

& X
80 -8y =4.5x

12 .5y = B¢
x=64

TU is equal to 6.4, and ST is equal to (10 — (6.4)), or 3.6.

43
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GEGMETRY

4. In Eratosthenes’ quest to determine the circumference of the earth, we hypothesized that he found the
angle between the sun’s rays and the perpendicular to the ground by using a pole (assumed to also be
perperidicular to the ground). Using the pole’s shadow and a tool like a protractor, he measured the
angle to be 7.2°. Why is the height of the pole in this measurement irrelevant? Use a diagram to support

your answer,

¥
A CF

The height of the pole used in the measurement is irrelevant because the combination of the woy the
sun’s rays meet the ground ond the perpendicularity of o pole to the ground together guarantee sirntilar
triongles formed by the rays, poles, and shadows of poles. As shown in the diagram, A ABC erered

A AEF each shore an angle at 24, and each triengle has ¢ 90° angle. Then, » ABC ond A AEF are
similar by the AA theorem. The respective shodows and poles are proportional in fength. Therefore,
regordless of the length of the pole, the use of its shadow will help determine the 7.2” angle formed by

the sun’s ray and the pole.

EUREKA Lesson 19: Famifies of Parallel Lines and the Circumference of the Earth 49
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Lesson 20: How Far Away s the

1.

50

GEGMETRY

oon?

In order for a spherical object to appear as though it is just blocking out the sun, the object must be held
from the eye at a length of 108 times the diameter of the spherical object. Approximately how many feet
from the eye would the following objects need to be to just block out the sun:

d.

A basketball?

A bosketball hos o diometer of opproximately 9. 55 inches. To just block out the sun, i must be o
distance of 108(9.55) inches from the eye, or approximately B6 feet from the eye.

A ping pong ball?

A ping pong boll has o diameter of approximately 1. 57 inches. To just block out the sun, it must
be o distance of 108(1. 57) inches from the eye, er opproximately 14 feet from the eye.

Describe what would happen if you held the basketball a distance less than the answer you found in
part (a). Describe what would happen if held it a distance greater than what you found in part (a).

if the basketball were held less then B6 feet from the eye, it would more than biock out the sun,
while holding it ot o distonce greater thon 86 feet would not biock cut the sun. Instead, the
basketball would appear as a dark disk against the light of the sun, Do not attempt this!

Since the moon just blocks out the sun during a solar eclipse, . \

what can be concluded about the distance of the moon from During a solar eclipse,
Earth? the moon passes

between the earth and

The distance of the moon from Eorth must be 108 times the the sun. During a lunar

e
moon’s diameter. eclipse, the earth passes
between the sun and the

moon, /

Lesson 20: How Far Away |s the Moon? E“REKA
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A Story of Functions
GEOMETR

2. Based on a few assumptions made and a clever model, the ancient Greeks were able to approximate the
distance between the moon and the earth. Use what you learned in class to answer the following
questions on the model the Greeks developed.

a. What does the term “1 unit” refer to?

The diameter of the moon

b. How was it established that DF = 2.5 units?
Observation of the time needed for the moon to pass through the earth’s shadow during o toto!
funar eclipse yielded that the diometer of the cross section of the earth’s conical shadow at the
distonce of the moon is about Z % maon digmeters.

c. Itis critical to establish ABCD as a parallelogram in order to approximate the distance between the
moon and the earth. Explain how the quadrilateral can be determined as a parallelogram.

it can be shown thot the opposite sides of the quadriloteral are both paroliel.

AD || BC since the diometer of the eorth is parallel to the segment formed by the moon’s diameter
and the diameter of the shadow ol the distance of the moon.

It is assumed that the conical shadows of celestind bodies are similar; therefore, the two-
dimensional profile view, which are isosceles triangles, ore olso similar, Then, msABF = msBEC
since the shodows are similar triangles, which implies that AR | CD {oiternate interior angles).

d. How was the earth’s diameter {roughly 8,000 miles} used to approximate the distance to the moon?

Once it wos established thet ABCD was a pargllelogram, ond AD = 3.5 units, the following could
be written:

2. 5 units ~ 8000 miles
1 unit ~ 2300 miles

This means that the diometer of the moon wus approximated at 2, 300 miles, and the distance to
the earth wos 108 times that, or 108(2300) miles, or approximately 248, 000 miles.

Eu “KA Lesson 20: How Far Away Is the Moon? %
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GEOMETRY

Lesson 21: Special Relationships Within Right Triangles—Dividing

into Two Similar Sub-Triangles

1. Use similar triangles to find the length of the altitudes labeled with variables in each triangle below.

A
AN ADB ~ A BDC by AA witerion, so corresponding sides are
groportional,
12 x 12
£y = *"5; I can use the cutouts
D 2 3:6 we made in ¢lass to
= help determine the
€ 3 x =36 correct ratios.
=96
: C
B

2. Given right triangle EHG with altitude FH drawn to the hypotenuse, find the lengths of FH, FE, and FG.
Note: Eff = 18.

When writing a similarity
statement, | like to keep the

_ right angle as the middle letter.
AEHG ~ A EFH ~ A HFG T T

Using the shorter leg:hypotenuse ratio for the similar triangles,

The oftitude drawn from F to H cuts triongle EGH into two
similor sub-triangles providing the following correspondence:

10 FH 10 FE S
18 14 18 10
140 = 18(FH) 100 = 18(FF)
140 FH 100 - FE
18 8 =
it 14 14
T o D 18
5 EH 5 TH FE
7 l = FH 5 5 =FE
9 g
By addition: FE+FG = EG
L
5 5 + F& = 18
4 10 H
FG =12
12 5
oy Lesson 21: gﬁg?_irili::;;a;;onships Within Right Triangles-—Dividing into Twae Similar EUREM
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GEQMETRY

3, Given triangle IJK with altitude JL, JL = 24, and IL = 10, find I}, ] K, LK, and IK.

Altitude JL cuts a IJK into two similar sub-triungles such that A JJK ~ & ILf~ a JLK,

By the Pythagorean theoreny

106 + 576 = IJ?

102 + 242 = [J?

676 = IJ?
V676 = []
6= T
sing the shorter legionger leg Using the shorter leg:hypotenuse Using addition,
rotio, ratio, _
10 26 10 26 ”’*LK“]KS
24 JK 26 1K 10+ LK = 67
10(JK) = 624 10(IK) = 676 3
, 676 LK =57
- E%il; ik =—o 5
10 1a
z 1K = 675
Since they are all similar right
triangles, | can use the
Pythagorean theorem to
double check my answers.
Special Relationships Within Right Triangles—Dividing inte Two Similar 53
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GEGMETRY

4. Given right triangle MNP with altitude NQ, find NQ, MQ, PQ, and MP.
Using the Pythagorean theorem, M
2 o E a
(3V7) +(V10) = mP
: ‘ 63+ 10 = MP?
Since 73 is not a perfect N 347
square and has no ﬁ = MP N
perfect square factors, V73 =MP
the answer is 73,
N \ i
V10
An altitude from the right angle in o right triongle to the hypotenuse cuts the triongle into two similor
right triongles, A MNP ~ A MQN~ A NQP.
Lising the shorter feg:hypotenuse ratio,
Yio  NQ Vie  gr
V73 3T 73 V1o
3V70 = NQ(V73) 10 = QP(V73)
370 10 _
NCE V73
Lising addition,
M@+ 0QF =MP
10
Mg+ — =73
¢ V73
. 1D
MQ = 73—
¢ V73
MO 63
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GEOMETRY

Lesson 22: Multiplying and Dividing Expressions with Radicals

Express each number in its simplest radical form.

Using Rule 1, | can rewrite V15 as NERR
so that | can simplify.

1. V3.4/i5 = —\
V3 V15 =V3-v3-45
= 3V8
2. V450 = | want to rewrite the number under
AED = VIE /9 - J3 the radicat sign, 450, as products of

MM_H_\ perfect squares, if possible.
= 5-3vZ

= 15v2
I could rewrite Vi
3. V24x° = as .f (x%)2.
.
V2455 = AV xME
= 2x%J6x
4, 105 =

The number 185 con be factored, but none of the factors are perfect squares, which are necessary (o
simplify. Therefore, V105 cannot be simplified.

5. Show and explain that % and% are equivalent.
V3 / | need to rationalize the
Em = W%u e _.:i . denominator to write the

V3 V3 43 second expression in simplest
243 radical form.
E
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GEQMETRY

6. Jo= . A3 B2 B 3
32 | could muitlpiyﬁ—z—byﬁorﬁ or 75
to get the result of a perfect square
m%,, - ﬁ . g under the radical sign in the
32 32 V2 R‘\\\denominator.
Ved
B
8

7. Determine the exact area of the shaded region that consists of a
triangle and a semicircle, shown to the right.

The area of the triangle is

A=3;(V5(VBy=1(5) =1

Let & be the length of the hypotenuse.

By special triagngles or the Pythagorean theorem, d = +/10.

. ., . 1 [T
The rodius of the semicircie is 5+/10 = 3*5“

The areo of the semicircle is
z

i=te(bim)

5 5w
Total(Area) = 3 + e

10 b5

s LI

4 4
m1£!+57r

4

10+5n

The sum of the areas of the triangle ond the semicircle is sguare units.
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1ework Helpe

GEOMETRY

Lesson 23: Adding and Subtracting Expressions with Radicals

Express each answer in simplified radical form.

1. 223 —18V3 =

2243 — 18V3 = (22 — 18)V3
— 43 TTeSSmm——

t will use the distributive property to
add or subtract expressions with
radicals.

2. VI8+5V2 =

_ JiB+5/2=3/2+5/2
{ need to rewrite

V18 s0 | can apply = (@ +512
the distributive = §V2
property.

3. 45+ 114125 =
445 + 11V125 = 4V5 + 11V25V5
= 44/5 + 11(5)V5
= 4V5 + 55v5
= (4 + 555
= 59§

Eu REKA Lesson 23: Adding and Subtracting Expressions with Radicals
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GECMETRY

Determine the area and perimeter of the triangle shown. Simplify as much as possible.
Perimetern:

afer. ” _ 2/28

V175 + 228+ 37 = VZ25/7 + 2J47 + 3J7

= By7 + 2 207 + 3T

= Bv7 + 47 + 37 T
= (544 + 3T V175
= 1247

Arag:

2J28(3V7) 4/7(3V7) 84 “
2 Sz Tz

The perimeteris 1 V7 wrtits, end the area is 42 square units.

Parallelogram ABCD has an area of 12v/5 square units. DC = 3v/5, and G and H are midpoints of DE
and CE, respectively. Find the area of the shaded region. Write your answer in simplest radical form.

Using the area of o parallelogram,

Area(ABCH) = bh

12vV5 = 3v5 - &
4 =h /, |
~
The height of the paralielogram is 4 units. Vi

The area of the shaded region is the sum of the areas of -
A EGH and A FGH. | learned aboutthe

side splitter
. o theorem in Lesson 4
the given points G and H are midpoints of DE and CE; therefore, by and have been using
the triongle side splitter theorem, GH must be paraliel to D, and thus, it ever since.

also parailel to AB, Furthermore,
GH =DC =48 =25,

Lesson 23: Adding and Subtracting Expressions with Radicals Eukﬁ“
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- Homework Helper

GEONMETRY

A EGH ~ A EDC by A4 criterion with a scale factor of i;i. The oreas of scale drowings ore related by the

2
square of the scale foctor; therefore, Area(a EGH) = Gf) -Area(a EDC).

1
Area(a EDC) = 5 35 - 4

My plan is to determine Area(EHFG) = Areala EDC) = 6v5

Area(s EGH) + Area(a FGH).

Avea(a EGH) = @)Z . 6vV5

1
Area(s EGH) = 5 6v5

3
Arvea(a EGH) = E«fﬁ

By a similar orgument,

3
Area(A FGH) = :Exfg

Area(EHFG) = Area(a EGH) + Area(a FGH)
3 3

Area(EHFG) = 5\/5_ + E\fg

Area(EHFG) = 35

The areo of the shaded region is 3V5 sguare units.

Eu REK A Lesson 23: Adding and Subtracting Expressions with Radicals
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GEOMETRY

Lesson 24: Prove the Pythagorean Theorem Using Similarity

1. Inright triangle EFG, an altitude has been drawn from vertex E and meets G at H. Answer the
following questions based on this figure. H divides FG into the fengths x and y.

E
7\
p f
, |
A . G

a. AEFG~AHFE ~ A HEG. Explain why.

& EFG ~ o HFE by the AA criterion, as both triongles have o 90° angle, and both triangles share
LF. & EFG ~ A HEG, aiso by the AA criterion, as both triongles hove a 90° gngle, ond both
triangles share £ G. Similority is tronsitive; therefore, A HFE ~ A HEG.

b. Sketch each of the three triangles separately so that their corresponding sides and angles are easy to
see,

H
.

To help guide your
) sketches, consider

r beginning with the right
angle for each triangle to
i help orient you in the
4 sketching process.

S ks
s ' _f}
i iy 7 £
§ i ; Py
A 14 K
£ i Z ¢
il . s
£ K )l
7 -
s
e

o

In order to prove the Pythagorean theorem, we want to show that the sum of each teg length,
squared, is equal to the hypotenuse, squared, or based on this figure, 2+ g% = e®. Toprove the
Pythagorean theorem using similarity, we will employ the fact that the ratios of corresponding
proportional lengths are equal in value between similar triangles.

80 tesson 24: Prove the Pythagorean Theorem Using Simitarity

€ 3015 Great Minds eureka-math.org
GEQ-M2-KWH-1.3.0-00,2015



GEQMETRY

c. A EFG and A HFE each have ZF as an acute angle. Write the equivalent shorter leg:hypotenuse
ratios for these triangles.

<)

o ey | =
fl i
WA
i)

4

d. A EFG and A HEG each have £G as an acute angle. Write the equivalent longer legihypotenuse
ratios for these triangles.

y_
7
fi=

SR [

(4]

e. Use parts (c) and (d) to show that /2 + g% = &2.
f2+g? = xetye
= e(x+y)
= e(e)

= g2

2. What is the leg:hypotenuse ratio of a 45—-45-90 triangle? How do you know?

Take for example a 45-45-90 triangle with leg lengths of 1 each. Let the hypotenuse be a length c.
Then by the Pythagorean theorem:

124+12=¢"
2 =¢?
c=v2

The leg:hypotenuse ratio is 1: 2. By the AA criterion, iriangles with angle meosures 45-45-90 are
similar ond, therefore, corresponding lengths are proportional. This means that all 45-45~90 triangles

will have o leg:hypotenuse ratio of 112,

3. Consider any 30-60-90 triangle.
a. Write the three ratios that compare the lengths of each pair of sides in a 30-60-90 triangle.

The shorter leg:hypotenuse ratio is 1: 2. The longer leg:hypotenuse ratio is \3: 2. The shorter
ieg:hypotenuse rotio is 1: V3.

Eu REKA Lesson 24 Prove the Pythagorean Theorem Using Similarity 61
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GEOMETRY

b. By the AA criterion, all triangles with angle measures of 30-60-90 are similar. Use the ratios from
part (a) to find the leg lengths of a 30-60-90 triangle with a hypotenuse of 100.

Let a represent the fength of the shorter leg. Since the shorter leg:hypotenuse ratio is 1: 2, then

@ 1
100 2
= 5,
Let b represent the length of the longer leg. Since the longer leg:hypotenuse ratio is 3: 2, then
B3
100 2
2b=100V3
b= 50V3,

G2 Lesson 24: Prove the Pythagorean Theorem Using Similarity EuREKA
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Lesson 25: Incredibly Useful Ratios

Proebhlem Set

The table below contains the values of the ratios %%

dj . . . .
and %’% for a variety of right triangies based on a given
acute angle, 8, from each triangle. Use the table and

the diagram of the right triangle below to complete
each problerm.

GEQMETRY

~

The abbreviation adj refers to the
adjacent leg, or the length of the leg that
lies adjacent to the acute angle being
referenced. The abbreviation opp refers
to the opposite leg, or the length of the leg
that Hes opposite the acute angle being
referenced. Finally, the abbreviation hyp
refers to the length of the hypotenuse of

Qxe right triangle. //

" 8 ] 0 10 20 30 40 45 50 60 70 80 90
egrees

opp 1 _ _

W 0 01736 | 0.3420 7= 05 | 06428 | 0.7071  0.7660 | 0.8660 | 0.9397 | 09848 | 1
adjf 1

m 1 0.9848 | 0.9397 | 0.8660 | 0.7660 § 0.7071 | 0.6428 5 =051 0.3420 | 011736 | O

Leg Oppoaite from :
Ie Referanse Srgle

'2'3‘

_ Hypotenuse

Len Adfacent 1o

\ the Reterence dngle //)

 Refersnos Angle

#

EUREKA . Lesson 25! Incredibly Usefusl Ratios
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Homework Helger

GEOMETRY

For each problem, approximate the unknown lengths to one decimal place. Write the values of the ratios of
appropriate lengths using the terms opyp, adj, and hyp.

1. Ffind the approximate length of the leg opposite the 20°

angle. e
oy MM\"‘Jz
From the table, the rotio value }‘i% foraZ0° ongle ks T
0.3420. i 2077 ™
o
L 0.3420 fﬂ
- / B\
17 . (?}?;E) =12 (0.3420) The side that has a length of 12 is
iz across from the right angle, so it
opp = 4 104 must be the hypotenuse. If | need
app = 4.1 to find the unknown length of the
opposite leg, then | know that the
Rounded to one decimal piace, the length of the leg ratio to use is 22 for a 20° angle
‘ hvp .

that lies opposite the 20° angle is approximately 4. 1. \

/

2. Find the approximate length of the hypotenuse.

From the toble, the ratio volue gﬁ for a 40° angle is
0.7660. |

14.5

— = D.7660

hyp

v i4.5
YU = w60

hyp ~ 18.9

Rounded {0 one decimal place, the length of the hypotenuse
is approximuotely 18,9,

I am given an acute angle of 40° and
a leg of length 14.5. The leg with
the known length makes up one side
of the given angle, so the leg is
adjacent to the 40° angle. To solve
this problem, | will use the ratio

Yy
value ,;“Z_f for a 40° angle.

SN /
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GEQMETRY

3. An altitude drawn in an equilateral triangle bisects one of its angles. If
the altitude is 27 cm in length, what is the perimeter of the equilateral
triangle to the nearest tenth of a centimeter?

An equilateral triangle contains three angles each
measuring 60°. An aliitude drawn from one vertex cuts the
angle into two adjocent 30° angles and meets the opposite
sitle at a 94° angle.

e An altitude of a triangle forms a \
i right angle with one side of the

equilateral triangle giving me a
right triangle. | know that the
angles in an equilateral triangle are
all 60°, so the angle that is bisected
must be 30°. Aha! | can use the

. adf " : .
From the toble, the ratio value [ for o 30° angle is % ratio value for a 30°-angle from

0.8660. the table to find the length of the

27 sides of the equilateral triangle.
= §}, BGED
hyp

27
hyp - (%> = hyp - (0.8660)

27 = hyp - (0.8660)

08660 *7) “ Gaeen (P 0-8660) o .
27 This quotient has a long decimal
= hyp expansion, and | do not want to .
0.8660 | approximate until the end of the
The length of eoch side of the equiloteral triangle is problem, so | will leave this in

Chocs C. The perimeter of the equilateral trigngle is quotient form for now.

then three times thot length.

perimeter =3 (-2}
erimerer = 5?8660

81
. 8660
The perimeter of the equilateral triangle is approximoiely 93.5 o

= 93.5

Perimeter =

EU REK A Lesson 25; Incradibly Useful Ratios -
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FECHAETRY

Lesson 26: The Definition of Sine, Cosine, and Tangent

1. Given the triangle in the diagram, compiete the following table.

Simplest radical form is not required.

Qjacent to the angle 3.

12 6v5
A
j a\\
6
Angle . =y
g Sin Cos Tan
Measure
12 6 12
o P o T =2
8 6 12 6 _1
&5 6V5 12 2

The ratio values are dependent \\\

dpon which acute angle in the
triangle is being referenced. To
determine the correct values, |
will consider the opp, adj, and
hyp with respect to the angle
marked « first to get the sin, cos,
and tan values. Next | will
reconsider the opp, adj, and hyp
with respect to the angle marked

f because the side that lies

opposite to the angle a lies

Remember that:
ovp

tanf) =
an adj

2. Complete the missing values in the table using the relationships of sine, cosine, and tangent.

-

“\

angles in a right triangle, so they
are complements of each other.
{ can see in the table above that
sina = cosf, cosa =sinf,
and tana and tan § are

reciprocals, /

o and f§ are the two acuyte

Angle ]
B Sin Cos
Measure

o 2 5 2
25 Y20 5

5 2 5

b VEs 75 2

66 Lesson 26: The Definition of Sine, Cosine, and Tangent
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GEOMETRY

3. Travis looks across the Mississippi River and wants to \\
know how far across it is to the other bank at his if | consider the banks of the river to
jocation. He knows that he could use the Internet to be parallel, then the distance across
find out, but he wants to see if he can approximate it the river is the distance between
himself. To begin, he picks a landmark that appears to parallel lines, The distance between
be in line with his location and perpendicular to the paraliel lines is measured
river. Next, he walks parallel to the river 200 walking perpendicularly to the lines. This is
paces and estimates the distance to be approximately where my right angle is formed for a
600 ft from his original location. He tooks across the right triangle.

river to the landmark he chose and estimates that the

%

angle formed between the river bank and his line of
sight is approximately 85°. Draw a diagram, and use
the estimated measurements to approximate the width
of the Mississippi River at Travis’s location. Do you
think Travis’s approximation is accurate? Support your
answer.

{See the diagram drawn to the right.)

&

The views that Travis has from his origine! pesition and his final position can be
represented by a leg ond o hypotenuse of a right triangle, respectively. The
other leg of the triangle represents the distonce that he walked parallel to the
river.

The unknown distance is the length of the leg opposite the 85° angle.

o ap . OPP
tan8s = 500

opp

. 858) = 600 - [

600 - (tan 85) (609)
6858 ~ opp

The distance across the Mississippi River, according to Travis’s estimated
measurements, is opproximately 6858 ft. This Is opproximately 1.3 miles.

According to the National Pork Service website (www.nps.gov), the Mississippi
River ranges from between 20 and 30 feet wide to over 11 miles wide near
Bena, MN. It also states that the widest navigable port of the river is
opproximately 2 miles in width. Depending on Travis's focation along the river,
his estimate may or moy not be oceurate,

EUREK A Lesson 26: The Definition of Sine, Cosine, and Tangent
MATH"

@ 2015 Great Minds eureka-math.org
GEO-M2-HWH-1.3.0-09.2015

iandmark

Travis's
gﬂgléiﬁi LAy Final
pratior 60 11, Locatien

67




GEGMETRY

Lesson 27: Sine and Cosine of Complementary Angles and Special

Angles
1. Find the value of 8 that makes each statement true. /,
a. sinf =cosb To find the unknown value of 8, | write
sin@ = cos(90 — B), 5o by su&W\\ both expressions in the equation in
terms of cos {or | could also use sin). |
cos(90 ~ &) = cos @ know that sin @ = cos(90 — 8), so |
90 -8 =g can use substitution to rewrite sin & in
GG -8+ 6 =8+ 8 terms of cos.
9¢ = 29 //

1 —1
i«(%) WEA(ZQ)
45 = g

The value of @ thot makes the given eguation true is 45°,

b. cos(@ + 15) = sin(38)
cos a = sin{9¢ — a), 50 using substitution,

sin{90 — (8 + 15)) = sin(36)

™~

90 B If | consider the expression 8 + 15 as a single
— (8 +15) =38 term such as @, it is easier to see how to
75— 8= 38 . . L
. substitute the equivalent cos value in its place.
TH5-6+8=381+8 . R e
78 — 48 Since cosa = sin{90 — a), when | substitute
1 - g the value of & back into the equation, | get
7 (75) =7 (46) cos(8 + 15) = sin(90 — (8 + 15)).
75 . /
T §=18.75

The vofue of € that makes the given eguation true is 18.75°,

63 Lesson 27: Sine and Cosine of Complementary Angles and Special Angles Eumm
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GEOMETRY

2. The triangle shown in the diagram to the right is a e
30-60-90 triangle. Find the unknown lengths x ¥
and y. y
16 = 2y .
1 1 A
5 16=5-2y 60% 30T
8=y 16

The length of the sfmrt feg is 8.
x=r V3 The sides of a 30-60-90 triangle have lengths that are in\
x=8-+3 the ratio 1:v/3: 2. The hypotenuse is twice the length of

the short leg {leg opposite the 30° angle), and the longer
leg {leg opposite the 60° angle) is the length of the
shorter leg times V3. If | know one of the actual lengths,
| can solve for the others by writing equations from the

\known ratios. /

3. Arectangle has a width of x. The length of the rectangle’s diagonal is twice its width. Find the area of the

rectangle in terms of x. /\_

RN l //To find the area of a rectangle, | need its-\

-
é ‘/"(\' - length and width. The only information
" D that | have is that the diagonal is twice the
&L T width of the rectangle. The diagonal cuts
T the rectangle into a pair of right triangles.
AN Aha! If the diagonal is twice the width,

o this meets the criteria of a 30-60-90

z triangte.
“{, 'X,f‘[ ;; \ g /
The disgonal divides the reciongle into two congruent right triongies. The length of the diegonal is

given os twice the width of the rectangle. Since the diagonal is the hypotenuse of a right triangle and
the ratio valug of cos 8 = EE = %, the right triangle is o 30-60-90 friangle. Using the ratios of side

The length of the longer leg is 83,

lengths for such a triangle, the length of the rectangle is V3,
Area(rectangie) = length - width

Area(rectangle) = a3 x

Area(rectangle) = x*v3

The area of the rectangle is x*/3 square units.
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GECOMIETRY

Lesson 28: Solving Problems Using Sine and Cosine

1. Givenright triangle MNP with the right angle at N, MN = 8.1, and N P
msM = 49°, find the measures of the remaining sides and angle to the L e
nearest tenth of a unit. yd

ey
The two acute angles of o right trigngle ore 81 e
complementary. ) /./ g
MLP = 90° — meM 42@
MLP = 90° — 49° M
moP = 4317

| can use the interior anglt;\

The measure of angle P is 41° sum of a triangle to find
8.1 the measure of angle P.
cos 49 = MP Then | can use the value of
81 cos 49 and tan 49 in my
T os 49 calculator and MN = 8.1
MP ~12.3 to find the lengths of MP
and NP,
The length of hypotenuse MP is approximately 12.3. //
NE
tan49 = a1
NP =81 tan49
MNP s93

The length of leg NP is approximotely 9. 3.

2. Ingeneral, issina + sinb = sin(a + b) for acute angle

measures ¢ and b? Explain why or why not. //TO show that a conjecture is

false, | only need to find and
provide one counterexample.
A counterexample is a use of
the conjectured relationship
that does not hoid true.

in general, the given statement is not true. Consider
the following counterexample.

SinZ0-+ 5in 20 = 8.34202014433 .+ 0. 3420201433 ..
sinZ20+s5in 20 = §. 6840402867 ..
5in40 = 4, 6427876097 ..

S

Therefors, sina + sin b = sin{a + b) connot be considered true in general.

70 Lesson 28: Solving Problems Using Sine and Cosine szEM
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3. Akite is shown in the diagram to the right. Use your
knowledge of angle relationships in geometric figures and

trigonometric ratios to find the perimeter of the kite to the
nearest tenth of a millimeter.

The leg opposite the given 24° angle is 2.5 mm Jong.

. 2.5
sinZ24d = ——
hyp
hvp = 2.5
YP = Ginza
hyp =~ &.146

Twa sides of the kite are approximately 6. 146 mm in length.

The complement of the 24° gngle is 66°, s¢ the 139° angle
is composed of adjocent angles meosuring 66° and 737,

The leg adiccent to the 73° ongle is 2. 5 mm.

Qangths of the hypotenuses. /
2.5

08§73 = ——
hyp
2.5
hyp = cos 73
hyp ~ 8,551

The remaining two sides of the kite are approximately
8.551 mm in length.

The perimeter of the kite is the sum of ol side

lengths.

o (25N, (25
Perimeter = 2 (smﬂ) +2 (ms’?B)
Perimeter = b~ 29.4

sin24 + cos73

The perimeter of the kite is opproximately 29,4 mm.

)

of congruent right triangles by its
diagonals. | need to find the
other angles in the triangles
using the angle sum of a friangle
and the angle sum of a
quadrilateral. Then | can use the
frigonometric ratios to find the

The kite is divided into two pair:\\

| should use the exact values of
the hypotenuses that | found in
calculating the perimeter of the
kite so that my final answer does
not have a significant rounding
error.

/

EU RE“ tesson 28: Solving Problems Using Sine and Cosine
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GEQMETRY

Lesson 29: Applying Tangents

1.

72

Aline on the coordinate plane has an angle of elevation of 75°. Use a slope triangle to show that the
slope of the line is equal to the tangent value of the angle of elevation.}Then find the slope correct to
four decimal places. '

s
i-

Choose two different points an the line such Foo \
/(_x+a,y+b) To find the slope of a

ling, [ need to find the
value of the ratio of the
rise to run between
two different points on

that the herizontal distance between points is

a > . Drow the slope triangle on the chosen A
points having vertices (x, y), (x -+ a, ), and
(x+ay+B)forb>0.

tan 75 = L2 B

orar - w the line. Aslope

_ triangle along the line
h=atan75 ; i wiH give me legs of a
slope = rise f" right triangle to work

e A with. If | know the
slope = f’: (x‘”/ ! besa,y) length of one of the

c tegs, then | can use the

atan’h . -

slope = — = tan 75 tangent of 75° to find
the other leg length.

The slope of the line is equal to the tangent of the ongle \\ geng /

of elevation, tan 75, which is approximately 3.7321.

Will a line on the coordinate plane with an angle of depression of 75° have a slope equal to the slope of
the line in Problem 1? Explain why or why not.

Lines that fall to the right\\

The line with on engle of depression A

of 75° does not have the same slope '\.\ o have negative slopes,

as the fine in Problem I because an TR ’75: ey The negative comes from

angle of depression falls to the right RS LY ; : vertical change in the

whereas an angle of elevation rises to s i - negative direction. The

the right. The slope of o ling thot folls - Voo sides of a triangle have

to the right is equali to the oppusite of : \\2 L : distances greater than

the tangent of the angie of o ,\\ f zero, so the value of the

depression. N \\ ) ‘ tangent of an acute angle
i

| .

l 5 will be always be pcsiti\ni/
y : .

jleayn): \\\
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3. Given scalene triangle ABD

,CisonAB,and DC = 10,

find the perimeter of triangle ABD to the nearest

tenth of a unit.

10
tan 80 = Yy

€=t 8

" tango -

10
tan 30 = I

10
B = = 17.3

10

§in 80 = T

b sin80 10.2

. i¢
sin 30 = %

10 10 _ap

T sin30 1
z

Even though the given \
triangle ABD is not a right
triangle, it is composed of
two right triangles that

share a leg with length 10,
Since | know the measures
of angles A and B, | can

use trigonometric ratios

to find the unknown

GEOMETRY

lengths AB, BD, and AD./

10

i0

10

10

Perimeter(ABD) = (m%
Perimeter(ABD) ~ 49.2

tan 30

)+

The perimeter of triongle ABD is opproximately 49. 2 units.

sin 8§

+ <1t 30

Lesson 29:

EUREKA
MATH
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Lesson 30: Trigonometry and the Pythagorean Theorem

1. Hcosa = %{E, If 12+/3 and 24 are considered to\
2. Find sing. be the lengths of the adjacent leg

and hypotenuse of a right triangle,

il z
sin“g-+costa =1 respectively, | do not know the

, 1243 2 tength of the opposite leg. | could
sincag =1 - “5a calculate the length using the
5 Pythagorean theorem, or | could
V3 use the Pythagorean identity,
sinfea=1-[—
2 2
Z \sm g+cos g =1. //
N
sinfg =14
4
2 i
sin“ o = % he notation sin® 8 is regularly
used as an equivalent, but less
N 1 1 cumbersome form, of the
) expresston (sin 8)?, and likewise,
cos® 8 = (cos 8)>.
ifcasam . then sma’m p
b. Findtana.
- sifa
COs
L
e 2
tana = 1233
FL1
2 1
‘- o ol
tana = 5 5
2

Heoosg = 5~—_~ theniano = &13
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. Homework Helper.

GEOMETRY

2. Iftanf =3,
a. Findsing.

—_—

3 is @ whole number but can be
written as a fraction greater than
one. This will provide me with
lengths to use for the opposite and
adjacent legs of a right triangle.

tan § = »31~
3% + 1% = hyp® Pythagoreon theerem
10 = hyp?
V10 = hyp

_ 3 316
st fl = = =35

b. Findcosf.

1 Vil
COsf=—m=="1

EU RE“ Lesson 30: Trigonometry and the Pythagorean Theorem 75
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Lesson 31: Using Trigonometry to Determine Area

1. Find the area of the triangle. Round your answer to the /"/ \\\
nearest tenth. // N 5
- ~
i : N
Arca = 1 (8)(5)(sin 36) / \/\\
Area = 20(sin36) ~ 11.8 36/
8

The greo of the trigngle is approximately 11. 8 squore
units.

| do not know the height of the triangle, so |
cannot use the basic area formula for a triangle. |
am given the lengths of two sides of the triangte
and the angle between those sides, so | can use

2. Find the exact area of the triangle. . :
the trigonometric area formula.

&N

/75 \\\
& | am given the lengths of two sides of the \
triangle, but | do not have the measure of the
/ included angle. | will have to use the interior
/ angle sum of a triangle to find the measure
/ A5 of the unknown angle first. Then I can use.
N the trigonometric area formula, /
754+ 45 4+ x = 180 Angie sum of a triangle
x =60 The uninown angle measures 50°.

Area = :E (8)(4 +4V3)(sin 60)  Trigonometric area formula

Avea = 4(4 +4v3) ()

Area =4 (};) {4+ 44/3) Associative and commutative properties of multiplication
Area = 2(V3) (4 +4v3)

Area = 8V3 + 8/343

Area = 8V3 + 8(3)

Area = 8V3 + 24 The exact area of the triangle is (24 + 8Y3) square units.

76 Lessor 31: Using Trigonometry to Determine Area EUMRA
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GEOMETRY

3. Given A ABC, AB = 9, BC = 8, and msB = 58°, find the

area of A ABC to the nearest tenth of a square unit. | should draw a diagram using the

given information to help me
e understand what | can use to find the
area of the triangle.

K %/\\
Area = > (9)(8)(sin 58)
Area = 36(sin58) ~ 30.5 The area of A ABC is approximately 30. 5 square units.

EU REKA {esson 31: Using Trigonometry to Determine Area 77
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GEOMETRY

Lesson 32: Using Trigonometry to Find Side Lengths of an Acute

Triangle

Supplemental Problems

1. Given AABC, AR =32, mzA = 40°, and meB = 60°, find m«C,
and use the law of sines to find AC and BC to the nearest tenth.

40° + 60° + msL = 188°  Angle sum of o triangle

mil = §O°
simd _ sinB  sind .
TE TR Low of sines
sin4g _ sin ol _ sin 80
BC —  AC 0 32
5in 40 _ %in BG
B 22
(:(sin 46) 37 = BC (sin g0 22
BC /77T 32 ) '
32 - 8in40 = BC(sin 8Q)
: 1
-32-5in 40 = . BC(si
pr 32 sin4 TS (sin 8¢)
gin 40 _BC
sinB0
BL = 20.9

B is approximotely 206.9 units long.

78 Lesson 32:
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The problem gives me two angles
and the length of one side. | can
find the unknown angle using the
angle sum of a triangle. Thenlcan
use the law of sines to find the

Using Trigonometry to Find Side Lengths of an Acute Triangie

lengths of the two unknown sides.

.

S

MATH
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- Homework Help

GEOMETRY

sin60 s5in 80
AC 32
sin 60 sin 80
C( AC )'32:‘4’:( 32 )'32
32-sin6d = AC(sin 80)

“é?%aa?ﬁ 32 -5in 60 = ;g;;%g - AC(sin80)
sin6d
32 e
AC = 28.1

AC is approximately 28. 1 unlls fong.

2. Given A DEF, msD = 74" BF = 11, and DE =7, use the law of
cosines to find EF to the nearest tenth.

EF? =72 4 112 — 2(7){(11)(cos 74)
EF? = 49 + 121 — 154(cos 74)
EF? = 176 — 154(cos 74)

EF = (170 — 154(co574)
EF ~11.3

EF is approximately 11, 3 units long.

/;don’t know the length of the side'\\

opposite the only given angle, so |
cannot use the law of sines. [ do
have the lengths of two sides and
their included angle, so | can use the
law of cosines to find the unknown

\side length. _//

EUREKA Lesson 32: Using Trigonometry to Find Side Lengths of an Acute Triangle 79
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GEOMETRY

Lesson 33: Applving the Laws of Sines and Cosines

1. Given A ABC, AC =9, AB = 13, and msA = 43°, find BC to the c
nearest tenth. Explain your strategy. e ' ”\

Fwo side lengths of the trinngle ond the included ongle

megsure are known, so | must use the law of cosines {o find S \\
.
B \\
BC = 9% + 132 - 2(9)(13){cos 43) 13
BC? = 81+ 169 — 234(cos 43) \\\
BCZ = 250 — 234(cos 43) / N
| do not know if the triangle is a B
BC = \/259 — 234(cos543) right triangle or not, so | cannot
BC =~ 8.9 use the Pythagorean theorem. |
) ) _ ) do not know the length of the
BC is approximately 8.9 units lonyg, side opposite angle 4, so |

cannot use the law of sines. | am
given the lengths of two sides
and their included angle, which
will allow me to use the law of

Vosines to find BC. /

80 tesson 33: Applying the Laws of Sines and Cosines
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2. Given A DFG, DF = 15, m2D = 69°, and m£F = 30°, find DG and Py
FG. e /\\
69° + 30° + mzG = 180° D < g \
msl = 81°
N
if the ungles in a triongle os well as a side length opposite one of 1&
those angles are known, the law of sines con be used to find the \
lengths of the remuoining sites. 30
F

sin sinF  sinéG

d 7 g /I;I am given two angle measures of

a triangle, | know the sum of all

sin69 sin81 three ?ng!es is 1?0“, so the third

FG 1% angle is easy to find. | h-awe the

sin69 measures of the angles in a triangle
Fg = 15 nBl =~ 14, 2 and at least one side length, so | can
find the remaining side lengths using

FG is spproximately 14. 2 units long. \\the law of sines. /
sin30  sin81

DG 15

p6=15.2230 » 6
T sinBr U

B& is approximotely 7. 6 units fong.

EHREKA tesson 33: Applying the Laws of Sines and Cosines 81
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GECGRETRY

Lesson 34: Unknown Angles

1. For each triangle, find the measure of the unknown angle & to the nearest tenth of a degree.

a.
f»\ —__’_,__’f
N { am given the lengths of both legs
5 \\\ of the right triangle, so | can use
S arctan to find the missing angle
. . . R
x\ measure without having to do any
j 7 x other calculations.
tan g 7
an§ =—
5
7 I o
arctan{tan 8) = arctan (m) Most calculators display the
5 notation sin~! x to represent arcsin
8 ~ 54.5 {(and similarly so for arccos.and
The meosure of the unknovmn angle is arctan).
approximotely 54.5°.
b.
N I [am given the lengths of the leg
5/ . _ that is adjacent to the unknown

/f\ \\\\ angle and the hypotenuse, so | can
/f_f M use arccos to find the missing angle
e S measure without having to do any
SR T “ﬁ%\‘_‘\

other calculations. /

5
arccos(cos 8) = arccos (ww)

55
g~ &3 4

The measure of the unknown ongle is approximately 63.4°.

82 Lesson 34 Unknown Argles Eumm
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GEOMETRY

A ramp is built so that it has a vertical rise of 3 ft. aver a horizontal distance of 27 ft. Find the
approximate angle of elevation that the ramp makes with the ground {assume the ground is a horizontal

grade).
| should draw a diagram as described
by the problem to help me visualize
. ' the problem.
tan@ = —-—
27 3
arctan{tan @) = arctan (m)
27 .
9 ~6.3 My diagram reveals known lengths of

both legs of a right triangle. That
means | can use arctan to calculate
the unknown angle measure 6.

The angle of elevation of the ramp is approximately
6. 3° from the level ground.

Eu REKA Lesson 34: Unknown Angles 83
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