





A Story of Functions

GEOMETRY

Lesson 1. Construct an Equilateral Triangle

. t below h th of r. .
' ;Fhe Selg(mﬁr;h € O_Wt j; atleng 20 d?f tUse arc;)mpass i remember that the figure formed by
ista
© .mar all the points that are at a nce T irom the set of all the points that are a fixed
point €. . . L .
distance from a given point is a circle,
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Use a compass to determine which of the following points, R, §, T, and U, lie on the same circle about

center . Explain how you know.

Us

Qﬂ

g

.,
™
N

e,

-

J— i

If 1 set the compuss point at C ond odjust the composs so thet the pencil passes through each of the
poinis K, 8, T, ond U, | see that points § ond U both Fe on the some circle. Points B and T eoch e on
@ different circle thot does not pass through any of the other points.

Another way i solve this problem is by thinking about the lengths CR, €5, CU, and CT as radii. If
adiust my compuass to any one of the radil, | con use that composs adjustment to compuore the other
radi. If the distance between any pair of points was greater or less than the compass adjustment, |

would know that the point belonged to o different circle.

iessonl:

Construct an Equilateral Triangle
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GEOMETRY

3. Two points have been labeled in each of the following diagrams. Write a sentence for each point that

describes what is known about the distance between the given point and each of the centers of the
circles.

a. Circle Cy has aradius of 4; Circle C; hasaradius  b. Circle C3 has a radius of 4; Circle (, has a
of 6. radius.of 4,

Since the labeled points are eachona
circle, | can describe the distance
from each point to the center relative
to the radius of the respective circle.

Point P is o distance of 4 from €y ond a Point § iz a distance of 4 from £, and g
distance greater thon 6 from Co. PointRisa distonce greater than 4 from Cy. Point T is
distance of 4 from Cy and o distance 6 from o distance of 4 from Cs und a distance of 4
<. from .

¢.  Asha claims that the points C, C,, and R are the vertices of an equilateral triangle since R is the

intersection of the two circles. Nadege says this is incorrect but that (3, €4, and T are the vertices
of an equilateral triangle. Who is correct? Explain.

Nadege is correct. Peints €y, Cy, and R are not the vertices of an equilaterol triangle because
the distance between etgch pair of vertices is not the same. The points s, Cy, and T are the
vertices of an equilateral triangle hecause the distonce between each pair of vertices is the same,

EuRE“ Lesson 1: Construct an Equilateral Triangle
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GEOMETRY

4. Construct an equilateral triangle ABC that has a side length AB, below. Use precise language to list the
steps to perform the constroction.

| must use both endpoints of the
segment as the centers of the two
circles | must construct.
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Drow circle A: center A, radius AB.

B B

Drow cirele B: center B, rodius BA,

i

Lobel one intersection as €.
Join A, B, (.

#

a Lesson 1: Construct an Eguilateral Triangle EuREM
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GEOMETRY

Lessor 2: Construct an Equilateral Triangle

1. In parts (a} and [b), use a compass to determine whether The distance between each pair of
the provided points determine the vertices of an vertices of an equilateral triangle is
equilateral triangle. the same.

a. A, b. D
&
g C
Fﬁ
@
E
®
B

Points 4, B, ond € do not determineg the Points D, E, ond F do determine the
vertices of an equilatercl triangle hecause vertices of an equilatera! triengle becouse
the distonce between A and B, as measured the distance between D and E is the same
by adjusting the compuss, is not the same distance as between E ond F and as
distance gs between B and € ond os between between F gnd D,
Coand A

EUREK A tesson 2: Construct an Fguitateral Triangle
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GEOMETRY

2. Use what you know about the construction of an equilateral triangle to recreate parallelogram ABCD

below, and write a set of steps that yields this construction.

Possible steps:

Orow AB.
Draw circie A: center A, rodius AR,

T S

»

Draw circle B center B, rodius BA.

Label one intersection as €.

leinCito Aoand B,

Draw circle C: ganter €, rodius CA,

Lobel the intersection of circle € with circle B as D.
Join D to B ond (.

M H W R

o

6 Lesson 2: Construct an Equilateral Triangle
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of Functions
GEOMETRY

3. Four identical equilateral triangles can be arranged so that each of three of the triangles shares a side
with the remaining triangle, as in the diagram. Use a compass to recreate this figure, and write a set of
steps that yields this construction.

Possible steps:

Draw AB,

Draw circle A: center 4, radius AB.

Drow circle B: center B, radius BA.

Label one intersection as C; lobel the other intersection us B,
Join A gnd B with both € and D.

Drow circle D center D, radius DA.

Label the intersection of circle D with circle A as E.

Join Ete Aand 1.

Label the intersection of circle D with circle B as F.

ig. Join Fto B and D,

Wk N R R W e

EU REKA Lessan 2! Censtruct an Equilateral Triangie
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GEGMETRY

Lesson 3: Copy and Bisect an Angle

1.

Krysta is copying 2ABC to construct £DEF.
a.

Complete steps 5-9, and use a compass and
straightedge to finish constructing ZDEF,

1
2
3.
4
5.

6.6 Label intersection of circle with EC as F. P
7.7 Draw circle F: center F, radius CA4. &
8.8 Label either intersection of circle E and circle Fas D. /

g,

Underline the steps that describe the construction of *, o

t must remember how the radius of
each of the two circles used in this
construction impacts the key points

Steps to copy an angle are as follows: that determine the copied angle.

Label the vertex of the original angle as B.

Draw EG as one side of the angle to-be drawn.

Draw circle B: center B, any radius.

Label the intersections of circle B with the sides of the angle as Aand C.
Draw circle E: centerE , radius B4.

Draw E—D‘

circles used in the copied angle. Ry

Why must circle F' have a radius of length CA?

The intersection of circle B and circle C; center €, radius
CA determines point A, To mirror this location jor the
copied angle, clrcle F must hove o radius of length CA.

o

iesson 3t Copy and Bisect an Angle EUREKA
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GEOMETRY

2. BDisthe angle hisector of £ZABC.
a.  Write the steps that yield BD as the angle | have to remember that the circle |
bisector of ZABC construct with center at B can have a
radius of any length, but the circles
Steps o construct on angle bsector ore o8 with centers 4 and € on each of the

follows: rays must have a radius AC,
1. Label the vertex of the angle os B.
Draw circle B: center B, any size radius.

Label intersections of circle B with the rays of the angle s A and L.
frow circle A: center A, radius AC.
Drow circle C: center C, radius CA.

oo s W N

At least one of the two intersection points of circle A and circle
{ lies in the interior of the angle. Label that intersection point
D,

7. Drow BD,

b. Why do circles 4 and C each have a radius equal to length AC?

Point D is us far from A os itis from C since AD = CD = AC. As
fong as A and € are equal distances from vertex B and each of the

cirgles hos a radius eqguel AC, D will be an equol distonce from AB

and AC. All the poinis that are equidisiant from the two rays lie on
the angle bisector.

Eu REM Lesson 3: Copy and Bisect an Angie
M
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Lesson 4: Construct a Perpendicular B

10

GEQMETRY

Perpendicular bisector ‘@' is constructed to AB; the _ To be symmetric with respect to
intersection of‘P_Q’ with the segment is labeled M. Use the ‘P—Q', the portion of AB on one side
idea of folding to explain why 4 and B are symmetric with Of‘P—Q) must be mirrored on the
respect to PQ. opposite side of P( .

If the segment is folded wlong PO so thot A coincides with B, then AM coincides with BM, or
AM = BM; M is the midpeaint of the seoment, £ AMP ond <« BMP also coincide, ond since they gre two
identicai angles on a stroight fine, the sum of their measures must be 180°, or each hos o measure of

S0°. Thus, A ond B are symmetric with respect to '5’?2’

Lesson 4: Construct a Perpendicular Bisector gUREKA
MATH
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The construction of the perpendicular bisector has been started below. Complete both the construction

and the steps to the construction.

GEOMETRY

This construction is similar to the

Draw circle X: centerX, radius XY,
Dirow cirele ¥ center ¥, rodius Y X,
Lobel the points of intersections o5 A ond B.

B e

Drow AR.

construction of an equilateral triangle.
Instead of requiring one point that is an
equal distance from both centers, this
construction requires two points that are
an equal distance from both centers.

Construct a Perpendicular Bisector

Eu REKNA Lessan 4:
MATH
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3. Rhombus WXYZ can be constructed by joining the o —_— )
midpoints of rectangle ABCD. Use the perpendicular The midpoint of AB is vertically

bisector construction to help construct rhombus aligned to the midpoint of DC. lcan
WXYZ, use the construction of the

perpendicular bisector to determine
the perpendicular bisector of DC.

B
4 B A o B
", - ‘Ef
D c D = C
12 Lesson 4: Construct a Perpendicufar Bisector §“R§
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GEOMETRY

Lesson 5: Points of Concurrencies

1. Observe the construction below, and explain the

significance of point P. The markings in the figure imply

tines [, m, and n are perpendicular
bisectors.

of u side of the triangle, are concurrent at point P. W\/

N

Lines b, m, ond n, which are each perpendicular bisectors

a. Describe the distance between A and P and between B and P. Explain why this true.

P is equidistant from A and B. Any point that lies on the perpendicular bisector of AB is
eqguidistant from either endpoini 4 or B.

b. Describe the distance between € and P and between B and P. Explain why this true.

P is equidistant from B and €, Any point thot lies on the perpendiculor bisector of BC is
equidistant from either endpoint B or €.

¢.  What do the results of Problem 1 parts {a} and {b) imply about P?

Since P is equidistont from A and B and from B and C, then it is olso equidistant from A and C,
This is why F is the point of concurrency of the three perpendiculor bisectors.

EURE“ Lesson 5: Points of Concurrancies 13
MATH
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Observe the construction below, and explain the

significance of point Q. The markings in the figure imply that

rays E@: @’, and @’ are all angle
bisectors.

Roys AQ, €1, and BQ sre egch gngle bisectors of an angle
of ¢ triongle, and are concurrent at point Q, or all three
angle bisectors intersect in o single point,

A e / .

a. Describe the distance between Q and i'ayszB” and AC. Explain why this true.

@ is equidistant from AB and AC. Any point that fies on the angle bisector of 2A is equidistant
from rays AR and AC,

b. Describe the distance between ¢ and raysﬁ and BC. Explain why this true,

@ is equidistant from BA and BC. Any point thot lies on the angle bisecior of 2B is equidistont
from rays BA and BC.

c.  What do the results of Problem 2 parts {a) and (b) imply about Q7

Since Q is equidistant from AB and AC and from BA and BC, then it is afso equidistant from CB
and CA. Thisis why €} s the point of concurrency of the thres angle bisectors.

tesson 5: Points of Concurrencies E“REM
MATH

© 2015 Great Minds aureka-math.org
GEC-M1-HWH-1,3.0-09.2015



GEOMETRY

Lesson 6: Solve for Unknown Angles—Angles and Lines at a Point

1. Write an equation that appropriately describes each of Adjacent angles on a line sum to
the diagrams helow. 180°. Adjacent angles around a
point sum to 360°.

a+b+c+d=180° atb+ctdtet+ f+g=360°
EUREKA Lesson &: Solve for Unknown Angles—Angles and Lines at a Point 15
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GEQMETRY

2. Find the measure of ZAPB.
I must solve for x before | can find

the measure of ZAPB.

Ix+16°+x = 180°

4x+ 16° = 180°
4x = 164°
x o= 430

The measure of (APE is 3(41°), or 123°.

3. find the measure of £DPE.

¥4 Zx+4x 4+ 8x 4 135° = 360°

15x+135° = 360° 135°
15x = 225° 4z ng 4
x = 15°
The measure of ZDPE is 4(15%), or 60°,
E
i6 Lesson 6: Solve for Unkinown Angles—Angles and Lines at a Point EURE

MATH
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- Homework Helpe

GECHMIETRY

Lesson 7: Solve for Unknown Angles—Transversals

1. Inthe following figure, angle measures b, ¢, d, and ¢
are equal. List four pairs of parallel lines,

I can look for pairs of alternate
interior angles and corresponding

F
/ angles to help identify which lines are
EAE , parallel.
= G
D d C
C
4b <
B N A

Four pairs of paralle! lines: AB | EG, AB || €D, BC || DF, CD | EG

2. Find the measure of Za. |.can extend lines to make the angle
relationships more clear. | then need to
apply what | know about alternate
interior and supplementary angles to
solve for a.

\ 4
\ 4

133°

X5,
Pl

The megsure of ais 1B4° — 133° or47°.

EU REKA Lesson 7: Solve for Unknown Angles—Transversals i7
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3.

find the measure of b.

GEOMETRY

{ can draw a horizontal auxiliary line, parallel
to the other horizental lines in order to make
the necessary corresponding angle pairs more
apparent.

k4

The measure of b is 52° + 44°, or 96°,

4. Find the value of x.

18

x4+ x

5x

X

= 180

180

f

A 4

Lesson 7: Solve for Unknown Angles—Transversals EUREM
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GEQMETRY

Lesson &: Solve for Unknown Angles-—~Angles in a Triangle

1. Find the measure of d.

“ 607

| need to apply what | know
about complementary and
supplementary angles to
begin to solve for d.

d +120°+30° = 180°

d+150° = 180°

d

Ii

30°

EU REKA Lesson &:
MA
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GEOMETRY

2. Findth of c.
€ measure | need to apply what | know about parallel

lines cut by atransversal and alternate
interior angles in order to solve for .

2¢+ 36° = 180°

2 = 144°
e = 72°
20 {esson 8: Solve for Unknown Angles—Angles in a Triangle EuREm
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GEOMETRY

3. Find the measure of x.

| need to add an auxiliary line to
modify the diagram; the modified
diagram has enough information to
write an equation that | can use to
solve for x.

I

(180° —4x) + 111°+x = 180°
291°—3x = 180°

3x 11%°

i

x = 37°

Eu REKA Lesson 8: Solve for Unknown Angles—Angles in a Triangle 21
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GEOMETRY

Lesson 9: Unknown Angle Proofs-—Writing Proofs

1. Use the diagram below to prove that ST L QR. .
To showthat ST L QR, |

need to first show that

msSYR = 90°,
MmLP +miP 4+ mliPRO = 180° The sum of the angle megsures in g triongle is
180°,
Mo PRG = 40° Subtroction property of equality
milf - miT + ma TS = 180° The sum of the angle measures in o triongle is
180°
mLS = 50° Subtraction property of equality

mLPRY - m2TS5U + msSVE = 180° The su of the angle megsures In g tripngle is

180°,
mLSVR = 90° Subtraction property of equuality
ST L QR Perpendiculor lines form 90° angles.
22 Lesson 9: Unknown Angle Proofs—Writing Proofs EURE“

MATH
© 2015 Great Minds eureka-math.org
GEC-M1-HWH-1.3,0-08.2015



GEOPETRY

 Homework Helper

. Z =msL .
2. ProvemsPQR =meTSV | need to consider how angles ZPQK and

£TSV are related to angles | know to be
equal in measure in the diagram.

'ﬁé’ I TS, Yﬁf 5V Given

mLPGS = msTSW, msRQGS = msVSW  if purallel lines are cut by o tronsversal, then
corresponding angles are equal in measure.

MLPQR = msPGS — moRGS, Partition property
mLTSV = meFSW — msVEW

mLPQR = mLTSW — msVSW Substitution property of equality

msPOR = miT5V Substitution property of equoality

EUREKA Lesson 9: Unknown Angle Proofs—Writing Proofs 23
MATH
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f Eunctions

in the diagram below, VW bisects 2QVY, and YZ bisects

2VYR. Prove that VIW | YZ.

/

Since the alternate interior angles aiong a
transversal that cuts parallel lines are
equal in measure, the bisected halves are
also equal in measure. This will help me
determine whether segments VW and Y7

are parallel.
.. J

P || RS, VW hisects £QVY and YZ bisects LVYR

mLPVY = meVYR

MLQVIW = mesWVY, msVVZ = msZYR

MmLQYVY = msQVIW + m WYY,
MLIVYR = msVVE +msZVR

meQGVyY = 2(msWVY), mzVYR = 2(meV¥T)
ZmeWVY) = 2(me¥YZ)

meWVY = maVYes

Lesson 9;

® 2015 Great Minds eureka-math,org
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F A
Z
T
Mm‘-ﬁ
i
H‘*m
i
W
Q 5

Given

if poraliel lines are cut by a ransversgl, then
alfternote interior ongles are equal in meosure.

Definition of bisect

Partition property

Substitution property of equality
Substitution property of equality
Division property of eguality

if two fines are cut by o tronsversal such that a
pair of afiernate interior angles are equal in
megsure, then the lines are poraliel,

Unknown Angle Proofs—Writing Proofs

EUREKA
MATH



GEGMETRY

Lesson 10: Unknown Angle Proofs—Proofs with Constructions

1. Use the diagram below to prove that b = 106° — a.
Just as if this were a numeric

problem, | need to construct a
horizontal line through Q, so | can
see the special angle pairs created by
parallel lines cut by a transversal.

106 2Q B s s AV

Construct UQ paroliel to TB and SA.

mLAGU =a if parolief ines are cut by o transversal, then corresponding
ungles are equal in meosure.

mLUQR = 106° — g Partition property

msUQR = b if porollel lines are cut by o transversal, then corresponding
angles ure equal in measure.

bh=106"—-ga Substitution property of equolity

EUREKA Lesson 10: Unknown Angle Protfs—Proofs with Constructions 25

© 2015 Great Minds eureka-math.org
GEO-M1-HWH-1.3.0-02.201%




25

Use the diagram below to prove that m2C = b + d.

A B

GEOMETRY

i 8

/n

A
rog

o o e

Construct GH parafiel to AR and FE
through €.

meBUG = b, meECG =4
imerior angles are egual in measure,

meil =hb+d Partition property

Lesson 10; Unknown Angfe Proofs—Proofs with Constructions

® 2015 Great Minds eureka-math,org
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- Homework Help

GEGMETRY

3. Use the diagram below to prove that m£CDE = v +90°,
I am going to need multiple

constructions to show why the

b measure of ZCDE =+ + 90°,
E
n

ol __ml

f
E

e
-

Construct DF paraiiel to CB. Extend AB
so that it Intersects DF> extend CB.

mLLDF + 90° = 180° If parallel lines are cut by o tronsversal, then seme-side
intericr ungles gre supplementary.

mAODF = 9p° Subtraction property of equality

msDFB =vr If parailel lines are cut by o transversal, then
corresponding angles are equol in measure,

msEDF =71 if paroliel fines are cut by u transversal, then witernote
interior angles are eguel in mevsure.

mLCDE =1+ 940° Partition property
EU“KA tesson 10: Unknown Angle Proofs—Proofs with Constructions 27
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GEOMETRY

Lesson 11: Unknown Angle Proofs—Proofs of Known Facts

1. Given: VW and YZ intersect at R.
Prove: ms2 = mzs4

VW and YZ intersect ot R. Given
mLY 4 mdd = 180% mal + msd = 180° Angles on o ling sum to 180~
met Fmld = med - maed Substitution property of equolity
mLE = msd Subtraction property of equality
28 Lesson 11: Unknown Angle Proofs—Proofs of Known Facts EUREM
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- Homework Helper v of Functions

GEOMETRY
2. Given: }35 LTU; RS LTU
Prove: :55 i RS
PQ L W,RS LTU Given
msQVX = 90% msSXU = 90° Perpendicular lines farm 90° angles.
mLQVX = msSXU Fransitive property of equality
P4 I RS if two lines are cut by a transversal such that a poir of
corresponding angles ore egual in meosure, then the lines
are paraliel.
Eu RE“ Lesson 111 Unknown Angle Proofs—Proofs of Known Facts 29
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GEOMETRY

Lesson 12: Transformations—The Next Level

1.

Recall that a transformation F of the plane is a function that assigns to each point P of the plane a unigue

point F(P) in the plane. Of the countless kinds of transformations, a subset exists that preserves lengths
and angle measures, In other words, they are transformations that do not distort the figure. These
transformations, specifically reflections, rotations, and translations, are called basic rigid motions.

Examine each pre-image and image pair. Determine which pairs demonstrate a rigid motion applied to

the pre-image.

Pre-Image Image

Is this transformation an
example of a rigid motion?
Explain.

Mo, this tronsformation did
not preserve lengths, even
though it seems to hove
preserved angle measures.

Yes, this is o rigid motion—
o tronsiation.

Yes, this is ¢ rigid motion—
o reflection.

30

Na, this tronsformotion did
not preserve lengths or
angle megsures.

Lesson 12: Transformations—The Next Level
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A Story of Functions
GEOMETRY

Yes, this is o rigid motion—
@ retation.

2. Each of the following pairs of diagrams shows the same figure as a pre-image and as a post-
transformation image. Each of the second diagrams shows the details of how the transformation is
performed. Describe what you see in each of the second diagrams.

pre-image image pre-image image

:A 3 p 'A’ Ah fg/ /‘y
BM P I # It

B B
N
¢ & ¢
The line that the pre-image is reflected over is the \
perpendiculur bisector of each of the segments joining For-each of the transformations, |

the corresponding vertices of the triongles. must describe all the details that
describe the “mechanics” of how the
transformation works. For example, |
see that there are congruency marks
on each half of the segments that join
the corresponding vertices and that
each segment is perpendicular to the
line of reflection. This is essential to

st the reflection works. /

Eu REKA Lesson 12: Transformatiochs—The Next Level 31
MATH
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¢ image

24

“‘“‘wQ pre-image

/P
\Q pre-image

The segment PO Is rototed counterclockwise about B by 63°. The poth that describes how P moaps to
P' is a circle with center B and radius BP; P moves counterclockwise olong the circle, £PBP hos

measure of 63°. A simifor case con be muode for .

Cl
A‘ n " B; R C
4 i
pre-image pre-image

The pre-image o ABC hes been transioted the length and direction of vector CC',

Transformations—The Next Level Eumm

32 Lesson 12:
MATH
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GEGMETRY

Lesson 13: Rotations

Recall the definition of rotation:

For 0° < 6° < 180°, the rotation of & degrees around the )
center C is the transformation R 4 of the plane defined as /

Eu REKA Lesson 13: Rotations 33

.. p pre-image

.rj?‘ N

follows: 0 /
S

For the center point €, Rc¢(C) = C, and :r N

For any other point P, R¢ o (P) is the point  that lies

in the counterclockwise half-plane of E”, such that
CQ = P and mLPCQ = 6°.

Which point does the center C map to once the rotation has been applied?

By the definition, the center C maps fo itself: Ry o(€) = C.

The image of a point P that undergoes a rotation R g is the image point Q: R g(P) = Q. Point @ is
said to lie in the counterclockwise half plane of CP. Shade the counterclockwise half plane of CP.

 must remember that a half plane
is a line in a plane that separates
the plane into two sets,

;g’f; pre-image
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GEQMETRY

c.  Why does part {2) of the definition include €Q = CP? What relationship does CQ = CP have with

the circle in the diagram above?

Cq = OP describes how P maps to 3. The rototion, o function, describes o poth such thot P
“rototes” flet us remember there is no actual motion) along the clrcle © with radius CF {ond

tharebyv olso of rodius C3Q).

d. Based on the figure on the prior page, what is the angle of rotation, and what is the measure of the

angle of rotation?

The angle of rototion is £ PLQ, ond the megsure is 8.

2. Use a protractor to determine the angle of rotation.

[ must remember that
the angle of rotation is
found by forming an
angle from any pair of
corresponding points
and the center of
rotation; the measure of

this angle is the angle of

votation. /

pr Sr
z:
P
0
S ;
R
34 Lesson 13: Rotations
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A Story of Functions.
GEQMETRY

. Homework Helper .

3. Determine the center of rotation for the \\
following pre-image and image. | must remember that the center of

rotation is located by the following steps:
(1} join two pairs of corresponding points
in the pre-image and image, (2) take the
perpendicular bisector of each segment,
and finally (3} identify the intersection of
the bisectors as the center of rotation. /

Eu REKA Lesson 13: Rotations 35
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GEQMETRY

Lesson 14: Reflections

1.

36

Recall the definition of reflection:

L _
For a line [ in the plane, a reflection across [ is the pre-image image
transformation r; of the plane defined as follows: A W Y A
1. Foranypoint P ontheline [, n(P) = P, and
2. Foranypoint P noton I, 13(P) is the point 0
so that ! is the perpendicular bisector of the : : I
segment P@Q. B '
i L
C
a. Where do the points that belong to a line of reflection map to once the reflection is applied?
Any point P on the ling of reflection mops 1o itself: v((P) = P.
| can model a reflection by folding
paper: The fold itself is the line of
reflection.
b.  Once a refiection is applied, what is the relationship between a point, its reflected image, and the
line of reflection? For example, based on the diagram above, what is the relationship between 4, 4’,
and line [7
Line [ Is the perpendicuior bisector to the segment that joins A end A'.
c. Based on the diagram above, is there a relationship hetween the distance from B to [ and from B’ to

?

Any pair of corresponding points is equidistant from the line of reflection.

iesson 14: Reflections
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GEOMETRY

2. Using a compass and straightedge, determine the line of reflection for pre-image A ABC and A A’B'C".
Write the steps to the construction.

1. Drow cirele € center €, radius CC,
2. Draw circle ' center (', rodius €'C,

3. Draw aline through the points of intersection between circles € and C',

EU REKA Lesson 14: Reflections 37
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GEOMETRY

3. Using a compass and straightedge, reflect point A over line {. Write the steps to the construction.

5 (
,{ "4
1 )
B e 3
H o [
! .
: = AN
11 e 3 T,
H 4 H .,
: I : i
L ¢ L s
/ ; \
% el s H
-, o N
i gt
o A
w4 i A
B4 Ry .‘5_ H
3 A b H
7 b
% , /
H s % 7
i b I3
§ % b K
{ Y ¥ '
r 4 i
H LN {
H &
H FEE -
L e i
7 o £
[ e S
: :
.;'
i
p
7
o i
. K
S, P

Drow circle 4 such thut the circle intersects with ine | in two locotions, § ond T,
Drow circle §; center §, rodius S4.

Drow circle T: center T, radius TA.

1.
2.
3
4

Label the intersection of circles S ond T s A',

iy
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GEGMETRY

Lesson 15: Rotations, Reflections, and Symmetry

1. A symmetry of a figure is a basic rigid motion that maps the figure back onto itself. A figure is said to
have line symmetry if there exists a line (or lines) so that the image of the figure when reflected over the
line(s) is itself. A figure is said to have nontrivial rotational symmetry if a rotation of greater than 0° but
less than 360° maps a figure back to itself. A trivial symmetry is a transformation that maps each point of
a figure back to the same point (i.e., in terms of a function, this would be f(x) = x}. An example of this is
a rotation of 360°,

a. Draw all ines of symmetry for the equilateral hexagon below. Locate the center of rotational
symmetry.

b. How many of the symmetries are rotations {of an angle of rotation less than or equal to 360°)? What
are the angles of rotation that yield symmetries?

6, including the identity symmetry. The angles of rotation are: 60°, 120°, 180°, 240°, 300°, and
360°

c. How many of the symmetries are reflections?

6

EUREKA Lesson 15: Rotations, Reflections, and Symmaetry 39
MATH

€ 2015 Great Minds eareka-math.org
GEO-M1-HWiH-1.3.0-08. 2015




CGEOMETRY

d. How many places can vertex A be moved by some symmetry of the hexagon?

A con be moved 1o 6 ploces—A4, B, C, D, E, and F,

e. For agiven symmetry, if you know the image of A, how many possibilities exist for the image of B?

2

2. Shade as few of the nine smaller sections as pessible so that the
resulting figure has
a. Only one vertical and one horizontal line of symmetry.
b. Oniy two lines of symmetry about the diagonals.
€. Only one horizontal line of symmetry.
d. Only one line of symmetry about a diagonal.
e. No line of symmetry.
Possible solutions:

a.

A0 Lesson 15: Rotations, Reflections, and Symmetry Eumm
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GEGMETRY

Lesson 16: Translations

1. Recall the definition of translation:
For vector Hﬁ, the translation along AF is the transformation Tp of the plane defined as follows:

1. For any point P on 4R, T45(P) is the point @ on AE so that@ has the same length and the same

direction as A—B’, and

2. Forany point P not on ?179,, T45(P) is the point Q obtained as follows. Let ! be the line passing

through P and parallel to AB. Let m be the line passing through B and parallel to AP. The point Q is
the intersection of I and m.

EUREKA Lesson 16: Transiations a1
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GEOMETRY

2. Use a compass and straightedge to translate
To find &', | must mark off the length

of AR in the direction of the vector
from G. | will repeat these steps to
locate H'.

segment GH along vector AB.

42 Lesson 16: Translations EURE“
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GEOMETRY

3. Use a compass and straightedge to translate point ¢ along

vector AB. Write the steps to this construction. To find G, my construction is really
resulting in locating the fourth

1. Dvowcircle G center G, radius AB. vertex of a parallelogram.

2. Drow circle B: center B, rodius AG.

3. Lohel the intersection of circle G ond circle B as 6.
{Circles & and B intersect in two locoiions; pick the
intersection so that A ond &' are in opposite holf plones

of BG.)

EU REKA Lesson 16: Translations ‘ 43
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f Functions

GECGMETRY
Lesson 17: Characterize Points on a Perpendicular Bisector
1. Perpendicular biseclors are essential to the rigid motions reflections and rotations.
a. How are perpendicular bisectors essential to
reflections? f can re-examine perpendicular
bisectors (in regard to reflections) in
The line of reflection is a perpendicuiar bisector to Lesson 14 and rotations in Lesson 13.
the segment that joing each pair of pre-image and
image points of o reflected figure.
h. How are perpendicular bisectors essential to rotations?
Perpendiculor bisectors are key to determining the center of a rototion. The center of o rotation is
determined by joining two pairs of pre-imoge and image points and constructing the perpendiculor
bisector of each of the segments. Where the perpendiculor bisectors intersect is the center of the
rofotion.
2. Rigid motions preserve distance, or in other words, the image of a figure that has B
had a rigid motion applied to it will maintain the same lengths as the original
figure,
a. Based on the following rotation, which of the following statements must be A
true?
i. AD=A'D’ True
ii. BB =cc¢ False
i, AC = A'C’ Trie
iv. BD=PRD True
v. CD'=C'D Faise

44
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b. Based on the following rotation, which of the following
statements must be true?

ii CC'=BR Folse
ii. BC=BRT(C True

3. Inthe following figure, point B is reflected across line {.
c.  What is the relationship between B, B', and I?

Line L is the perpendicular bisector of BB'.

d. What.is the relationship between B, B', and any point P on [? 8

B and B' are equidistant fram line | ond therefore equidistant from
any point Pon L.

Eu REKA Lesson 17: Characlerize Points on a Perpendicular Bisector 45
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GECMETRY

Lesson 18: Looking More Carefully at Parallel Lines

1. Giventhat B and £ are supplementary and 4D || BC, prove A B
that med = mzC.

&8 and £C are supplementory. Given
AD I BC Given

LB and L4 are supplementary.  If two poraliel lines ore
cut by a tronsversol, then
some-side interior ongles

are supplementory. #7D || BT, then 24 and
meB - mch = 180° Definition of £B are supplementary
supplementary ongles because they are same-side
msB +mil = 180° Definition of interior angles.
supplementary angles

miB +mid = meB +mel  Substitution property of equality

Ml A = msl Subtraction property of
gquality

if a transversal is perpendicular to\\
one of the two lines, then it meets
that line at an angle of 90°. Since

the lines are parallel, | can use
corresponding angles of parallel

2.  Mathematicians state that if o transversal is perpendicular
to two distinct lines, then the distinct lines are parallel,
Prove this statement. ({Include a labeled drawing with
your proof.)

AL L. CF, AL L 6K Given lines to show that the transversal
' meets the other line, also at an
mLADRC = 90° Definition of perpendiculor lines o
angle of 90°, /
meAHG = 90° Definition of perpendicuiar lines
mLADC = miAHG Substitution property of equality By
I A NOE,
CFiGK if a transversol cuts two fines such that 1‘\ E e
corresponding ongles are equol in , \ rrrrrrr e \\
measire, then the two lines ore o ,, \ \\ «
paraliel, \ $ 5
- kY i E
b
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stary of Functions
GEOMETRY

3. inthe figure, D and F lie on AR, m£BDC = m£AFE, and

Cc
| know that in any triangle, the three angle
/ measures sum to 180°. If two angles in one
A o F e triangle are equal in measure to two angles in
another triangle, then the third angles in each
triangle must be equal in measure.
E
meBDC = msAFE Given
mll = miE Given
msBDBC+msC +meB = 180 Sum of the angle measures in o triangle is 180°.
msAFE +meE + miA = 186° Sum of the angle meosures in o trivngle is 180"
mLAFE + msE + miB = 186° Substitution properiy of equality
mLE = 188° ~ msAFE —~ msE Subtrogction property of equality
miA = 180° ~ mcAFE —msE Subtroction property of equality
miA=msB Subistitution property of eguality
AE | €B If two lines are cut by o transversol such thot o poir of
alternote imterior angles ore equal in measure, then the
lines are parallel,
EUREKA Lesson 18: Looking More Carefully at Paraliei Lines 47
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GEGMETRY

Lesson 19: Construct and Apply 3 Seguence of Rigid Motions
1. Use your understanding of congruence to answer each of _ \\
the following. To be congruent, the figures must

have a correspondence of vertices.

a. Why can’t a square be congruent to a regular hexagon?
I know that a square has four

A sguare cannot be congruent to a regular hexogon vertices, and a regular hexagon
because there is no vigid motion that takes o figure has six vertices. No matter what
with four vertices to o figure with six vertices. sequence of rigid motions | use, |

cannot correspond all vertices of
the hexagon with vertices of the

square. /
A square can only be congruent 100 rectongle if the \\
sides of the rectangle ore olf the sume length os the _

sides of the square. This would mean that the
rectangle is actuaily o square.

b. Can asquare be congruentto a rectangle?

| know that by definition, a
rectangle is a quadrilateral with
four right angles.

2. The series of figures shown in the diagram shows
the images of A ABC under a sequence of rigid
motions in the plane. Use a piece of patty paper to
find and describe the sequence of rigid motions
that shows A ABC =A A'""B"'C'". Labelthe
corresponding image points in the diagram using
prime notation.

First, o rotation of 90° obout point ' ina
vlockwize divection tokes A ABC o o A'B'C,
Next, & transiation along C'C'" takes & A'B'C to

&&!Igf!i:!! tGQAHFB}HCnIN

| can see that A 4"'B""'C"""is
turned on the plane compared to
A ABC, so i should look for a
rotation in my sequence. | also see
a vector, so there might be.a
\\transiation, too.

48 Lesson 19 Construct and Apply 2 Sequence of Rigid Motions Eumm
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3. Inthe diagram to the right, A ABC =A DBC.

a. Describe two distinct rigid motions, or sequences of
tigid motions, that map A onto D.

The most bosic of rigid motions mapping
A onto D is o reflection over BC,

Angther possible sequence of rigid motions
includes o rotation about B of degree megsure
equal to moABD jollowed by o reflection over
BD. '

b. Using the congruence that you described in your
response to part {a), what does AC map to?

By u reflection of the plone over BC, AC mops to DC.

c. Using the congruence that you described in your
response to part (a), what does BC map to?

By o reflection of the plane over BC, BC maps to
itself because it Hes in the line of reflection.

EUREKA Lesson 19: Construct and Apply a Sequence of Rigid Motions
MA
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statement, the vertices of the first
triangle are named in a clockwise
direction, but the corresponding
vertices of the second triangle are
named in a counterclockwise
direction. The change in
orientation telis me thata

In the given congruence \

Qeﬂect'ion must be involved. /

49




GEOMETRY

B E

Lesson 20: Applications of Congruence in Terms of Rigid Motions

1. Give an example of two different quadrilaterals and a
correspondence hetween their vertices such that (a} all

four corresponding angles are congruent, and (b) none of | know that some quadrilaterals
the corresponding sides are congruent. have matching angle characteristics
The folfowing represents ong of many possible answers to stch as squares and rectangles.
this problem. Both of these guadrilaterals are

required to have four right angles.
Square ABLD and rectongle EFGH mest the above

criterio. By definition, both guadrilaterois are required to
herve four right angles, which megns thot any P &
correspondence of vertices will mop together congruent

angles. A sguare s further reguired to hove oli sidles of o -
egual length, so os fong as pone of the sides of the '
rectangle ore egual in length to the sides of the square,
the criteriu are satisfied.

2. s it possible to.give an example of two triangles and a
correspondence between their vertices such that only two
of the corresponding angles are congruent? Explain your
answer,

Any trinngle hos three ongles, ond the sum of the

measures of those angles is 180°. {f two triongies ore I know that every triangle, no matter
given such that one poir of ongles measure x° and o what size or classification, has an
second pair of angles measure ¥°, then by the angle sum angle sum of 180°.

of o trigngle, the remuining ongle would have to have o
measure of (180 — x — v)°. This means thot the third
pair of corresponding angles must aiso bhe congruent, 5o
no, it is not possible,

3. Translations, reflections, and rotations are referred to as rigid 4 The term rigid means not flexible. }
motions. Explain why the term rigid is used.

Each of the rigid motions is g transformation of the plane that con be modelled by tracing o figure on
the plane onto-o transparency and transforming the transparency by following the given function rule.
in each cuse, the image is identico! To the pre-image becouse tronsiations, rotations, and reflectivns
preserve distance between points and preserve ongles befween lines. The transparency models rigidity.

50 tesson 20: Applications of Congruence ir: Terms of Rigid Motions E“ RE
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GEQMETRY

Lesson 21: Correspondence and Transformations

1. The diagram below shows a sequence of rigid motions that maps a pre-image onto a final image.

a.

Identify each rigid motion in the sequence, writing the composition using function notation.
"

The first rigid motion is o transiation along e’ to yield
triangle A'B'C'. The second rigid motion is a reflection over
BC 1o vield triongle A"B"'C". In function notation, the

sequence of rigid motions is vip (T'E&'f’(— A ABC}).

Trace the congruence of each set of corresponding sides and
angles through all steps in the sequence, proving that the pre-
image is congruent to the final image by showing that every
side and every angle in the pre-image maps onto its
corresponding side and angte in the image.

Sequence of corresponding angles: £A — A", £B - +B", and £C —~ p

Make a statement about the congruence of the pre-image and the final image.

AABEC = A AR

EU ““ Lesson 21: Correspondence and Transformations 51

MATH

€} 2015 Great Minds eureka-math.org
GEQ-M1-HWE-1.3.0-09.2015




GEQMETRY

Triangle TRS is a reflected image of triangle ABC over a \\
line £. Is it possible for a transiation or a rotation to map When | look at the words printed
triangle TRS back to the corresponding vertices in its pre- on my t-shirt in a mirror, the order

image, triangle ABC? Explain why or why not. of the letters, and even the letters
{ themselves, are completely
” hackward. I can see the words
a " correctly if | look at a reflection of
my reflection in another mirror. /

e gt w1 T 3
U

;

The orientation of three non-collinear points will change under o reflection of the plane over o line.

This megns thot if you consider the correspondence A ~ T, B - R, and € — 5, if the vertices A, B, and
 are oriented in o clockwise divection on the plane, then the vertices T. R, and § will be griented in g
counterciockwise direction. It is possibie to map T to A, 5 to €, or R to B individuolly under a variety of
transiations or rotutions; however, o reflection is required in order to map each of T, R, and S to its
corresponding pre-image.

Describe each transformation given by the sequence of
rigid motions below, i function notation, using the correct
sequential order.

o (TE e XYZ)))

The first rigid motion is o rototion of A XY Z around point
X of 60°. Next is o transiation elong AB. The final rigid
maotion is o reflection over o given line m.

| know that in function notation, the
innermost function, in this case

Ry s0o(A XYZ), is the first to be
carried out on the points in the plane,

Lesson 21: Correspondence and Transformations EU&EM
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Lesson 22: Congruence Criteria for Triangles—SAS

1. We define two figures as congruent if there exists a finite composition of rigid motions that maps one

onto the other. The following triangles meet the Side-Angle-Side criterion for congruence. The criterion
tells us that only a few parts of two triangles, as well as a correspondence between them, is necessary to

determin

e that the two triangies are congruent.

Describe the rigid motion in each step of the proof for the SAS criterion:

Given: A PQR and A P'Q'R' so that PQ = P'Q’ (Side), m4P = m<«P' {Angle), and PR = P'R’ (Side).

Prove: A PQR = A P'Q'R’

GEOMETRY

Given, distinct triangles
APQRand A P'Q'R’
so that PQ = P'Q’,
meP = meP, and

PR =P'R’.

Top(a P'Q'R") =
APQR APQR is
transiated along
vector P'P. & PQR
ond A PQ'R' share
common vertex P,

Rp_o(a PQ'R") =
APQUR; s PG'R" is
rototed about center P
by & clockwise. A
PORand A PQ''R
share common side
PR.

rep(a PQ7R) =
APQR; APQ"RIs
reflected across PR
A PQ'R coincides
with A PGR.

EU REKA Lesson 22: Congruence Criteria for Triangles—SAS
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GEOMETRY

a. InStep 3, how can we be certain that B" will map to
R? ! must remember that if the lengths

of PR" and PR were not known, the
rotation would result in coinciding
rays PR” and PR but nothing
further.

By ussumption, PR = PR. This means that not

wiff map to 2.

e

b. In Step 4, how can we be certain that Q"' will mapto Q7?

Rigid motions preserve angle meosures. This means thot msQPR = meQ'"PR. Then the

refiection maps PQ_’F to PQ. Since PG = PO, Q' will mop to .

c. In this example, we began with two distinct triangles that met the SAS criterion. Now consider
triangles that are not distinct and share a common vertex. The following two scenarios both show a
pair of triangles that meet the SAS criterion and share a common vertex. In a proof to show that the
triangles are congruent, which pair of triangles will a translation make most sense as a next step? In
which pair is the next step a rotation? Justify your response.

'\\\z‘m‘“m‘n
ST
e e /\ \.\
* . ‘(";"3;4 - :;?
] g i [ N
2 & !; ‘}*/
[
[
%
/ﬁf

Pair {ii} will require a translation next because currently, the common vertex is between o poir of
angles whose megsures are unknown. The next step for poir {i} is u rotation, gs the common
vertex is one between angles of equal measure, by assumption, and therefore con be rotated so
thot a poir of sides of equal length become o shared side.

54 Lesson 22: Congruence Criteria for Triangles—5AS EuREm
MATH

© 2015 Great Minds eureka-math.crg
GEO-Mi-HWH-1.3.0-08.2015



yry of Functions

GEOMETRY

omework Helpet

2. Justify whether the triangles meet the SAS congruence criteria; explicitly state which pairs of sides or
angles are congruent and why. If the triangles do meet the SAS congruence criteria, describe the rigid
motion(s) that would map one triangle onto the other.

a. Given: Rhombus ABCD A

Do A ARD and A ARB meet the SAS criterion?

Rhombus ABCD Given D B B
AR and BD are perpendicular. Property of a rhombus
msARD = msARB All right angles are equal {
in measure.
DR = RB Diagonols of a rhombus bisect each other,
AR = AR Reflexive property
AARD = A ARB SAS

One possible rigid motion that maps A ARD to A ARB is a reflection over the line 4R.

b. Given: |sosceles triangle A ABC with AB = AC and angle bisector AP. A

Do A ABP and A ACP meet the SAS criterion?

AB = AC Given

AP is an angle hisector Given

AP = AP Reflexive property

MLBAP = msCAP Definition of ongle bisector Brp ¢
AABE = A ACP 545

One possible rigid motion that maps & ABP to A ACP is g reflection over the line AP.

55
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GEOQMETRY

Lesson 23: Base Angles of Isosceles Triangles

1.

56

In an effort to prove that m£B = m<C in isosceles triangie ABC by using A
rigid motions, the following argument is made to show that B maps to C:

Given: Isosceles A ABC, with AB = AC

Prove: msB =mzs(C

Construction; Draw the angle bisector AD of 2A, where D is the intersection
of the bisector and BC. We need to show that rigid motions map point B to
point C and point £ to point B. BTTTTTTR C

Since A s on the fine of reflection, zm, rop(4) = A. Reflections preserve angle measures, s¢
the measure of the reflected angle rop( L BAD) equois the measure of LCAD; therefore,
rop(AB) = AC. Reflections olso preserve lengths of segments; therefore, the reflection of AB

stifl has the same length as AB. By hypothesis, AB = AC, so the fength of the reflection is
aiso equal to AC. Thenrp(B) = C.

Use similar reasoning to show that roz(C) = B. - \\
| must remember that proving this

Again, we use ¢ reflection in our reasoning. A is on the fact using rigid motions relies on

line of reflection, AD, so ro(d) = A the idea that rigid motions

preserve lengths and angle
measures. This is what ultimately
allows metomap € to B. /

Since reflactions preserve gngie megsures, the measure
of the reflected angle ro;(L.CAD) equals the measure

of «BAD, implying that v55{AC) = AB.

Reflections also preserve lengths of segments. This meons thot the reflection of AC, or the imoge of AC
{AB}, has the some length as AC. By hypothesis, AB = AL, so the length of the reflection s also equal
to AB. Thisimplies r;5(0) = B. We conclude then that m<B = ma(.

Lesson-23: Base Angles of Isosceles Triangles Eu RER &
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_ Homework Helper

2. Given: msl = me2; ms3 = msd

Prove: msh = ms6

mel =mil Ghven

mL3 = mi4d

AX = BX if two angles of a triangie ore equal in measure, then the sides
AX = €X opposite the angles are egual in lengih.

BX =CX Transitive property of equality

mMLE =mLb if two sides of o triangle are equal in length, then the angles opposite
them are egual in measure.

Eu REKA Lesson 23: Base Angles of isosceles Triangles 57
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3. Given: Rectangle ABCD; [ is the midpoint of AR

Prove: A [CD isisosceles

ABCD is g rectangle.
mLA = miB

Al = BC

§ is the midpoint of AB.
Af = B

AAJD = A BJC

D =jc

A JOI} is isoscelas,

GEOMETRY

Given

Alf angles of o rectangle ore vight angles.
Opposite sides of o rectangle are egual in length.
{riven

Befinition of midpoint

SAS

Corresponding sites of congruent trioagles ore equel
in length.

Definition of isasceles triongle

58 iesson 23: Base Angles of Isosceles Triangles Eu“m
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4, Given: RS = RT; mz2 = mz27

Prove: A RYZ isisosceles

RS = RT
msl = ms8
miZ =ms7

mel Fme2 +med = 180°
me6+ms7 +ms8 = 180°

mel+me2 +Fmed = ms6 4+ me7 +mld

msl+ms2 +mid =mib+msl sl

ML3 = ML G

me3 + msd = 180°
ma5 +me6 = 180°

wiL3 + mid = mih 4+ mlé

me3 4+ med = msh +mesd

med = msh

RY = RZ

A RYZ is Isosceles.

GEOMETRY

Given

Base angles of an ispsceles triongle are eqgual in
measure,

Given

The sum of angle meoasures in o tricngle is 180°,

Substitution properiy of equality
Substitution property of egualily
Subtraction property of equality

Linear pairs form supplementary angles.

Substitution property of gquality
Substitution property of eqguality
Subtraction property of equality

If two angles of o trigngle ure equal in measure,
then the sides opposite the ongles are equol in
fength.

Definition of isosceles triangle

Lesson 23:
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GEOMETRY

Lesson 24: Congruence Criteria for Triangles—ASA and 555

1. For each of the following pairs of triangles, name the
congruence criterion, if any, that proves the trianglesare
congruent. If none exists, write “none.”

a. /

In-addition to markings \\
indicating angles of equal
measure and sides of
equal lengths, I must
observe diagrams for
common sides and angles,
vertical angles, and angle
pair relationships created
by parallel lines cut by a
transversal. | must alsa
remember that AAA is not

7 SAS
b.
585
.
ASA
d.
none
o 9%
€.
- ASA
-
60 Lesson 24: Congruence Criteria for Triangles—ASA and 555

© 2015 Great Minds eureka-math.org
GEOQ-MI1-HWH-1.3.0-69.2015

\a congruence criterion, /

EUREKA
MATH



2. ABCD is arhombus. Name three pairs of triangles that are congruent so
that no more than one pair is congruent to each other and the criteria you
would use to support their congruency.

Possible solution: A ACS = AADS, AACD = A BCD, gnd
AACE = A ADB. Al three pairs con be supported by SAS/SSS/ASA.

3. Given: p=sand PT = ST

Prove: r = g

p==s Given

PT = §T Given

xX=y Vertical angles are equal in
megsure.

APTR & A 8STQ ASA

TR=T¢ Corresponding sides of
congruent trigngles are equal
in length,

A TRG is isosceles. Definition of Isosceles triongle

r=g Base angles of an isosceles

triongle are equal in measure.

Eu REKA Lesson 24; Congruence Criteria for Trlangles—ASA and 555
MATH
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4. Given: IsoscelesA AEF; AT = AU
Prove: £LETF = /FUE

| must prove two sets of triangles are
congruent in order to prove

£ETF = £ FUE.

isasceles A AEF

AE = AF

AT = AU

meA = mLA

AABUE = A ATF

TF = UE
AT +TE = AE
AU + UF = AF

AT+ TE = AU + UF

AT +TE = AT + UF

TE =UF

EF = FE

ATEF = AUFE

LETF = £ FUE

tesson 24:

Given

Definition of isoscefes riangle
Given

Reflexive property

54%

Corresponding sides of congruant
triangles are equal in length,

Partition property

Substitution property of equality

Substitution property of squality

Subtraction property of equolity

Refiexive property

558

Corresponding ongles of congruent
trinngles are congruent,

Congruence Criteria for Triangles—ASA and 555
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GEOMETRY

Lesson 25: Congruence Criteria for Triangles—AAS and HL

1. Draw two triangles that meet the AAA criterion but are not congruent.

N

|

i N

[ 5

% \\ f‘ \\

\K AR

By N

Oy EN R‘i\ £

2. Draw two triangles that meet the SSA criterion but are not congruent. Label or miark the triangies with
the appropriate measurements or congruency marks.

3. Describe, in terms of rigid motions, why triangles that meet the AAA and SSA criteria are hot necessarily
conhgruent.

Triongles thot meet either the AAA or 55A criteria are not necessarily congruent because there may or
may not be o finite composition of rigid motions thot maps one triangle onto the other. For exomple, in
the diggrams in Problem 2, there is no composition of rigid motions that will mop one triangie onto the
other.

EU REKA Lessan 25: Congruence Criteria for Triangles—AAS and HL 63
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4. Given: AR = CB, CU L AB,AV 1 CB,

U is the midpoint of AB.

V is the midpoint of CB

Prove: A ATU = ACTV

A =C

K

i is the midpoint of AB.
V is the midpoint of CB.

AR = 24U
8 =20V

2AU = 20V

mLAUT = ms VT = 90°

mLATU = me 0TV

AATU 2 A 0TV

Lesson 25:

Given

Given

Definition of midpoimt

Substiiution property of
equofity

Division property of eguality

&iven

Definition of pernendicular

Verticol angles are eqgual in
megsire.

AAS

Congruence Criteria for Triangles-—AAS and HL
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Given: AF L BD, CF L BD,
AB =DC,BF = DE

Prove: A ABFE = A CDF

AR = DC

AE L BD

CF 1 BD

mLAER = msOFD = 907

BF = BE

BF = BE + EF

DE =BF+FE

BE - EF = DF+FE

MATH'

- Homework Helper

Fiven

Given

Definition of
perpendicular

Given

Portition property

Substitution property of
equality

BE = BF Subtroction property of
equality
AABE = A CDF HL
U““ Lesson 25: Congruence Criteria for Triangles—AAS and HL
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Lesson 26: Triangle Congruency Proofs

1. Given: AB = AC, mcAMC = m£ANB = 90°

66

Prove: BN = CM

AB = AC

MmLAMC = mcANRE = 907

med = mLA

AABN = A ACN

BN =CM

Given

Given

Reflexive property

AAS

Corresponding sides of
congruent triangles are equal
in length.

GEOMETRY

Lessort 26: Triangle Congruency Proofs

@ 2015 Great Minds exreka-math,org
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. Homework Helper

GEOMETRY
2. Given: TE bisects «£STU. DE | TF, DT || EF.
Prove: DEFT is a rhombus.
D E
T # fa

TE bisects 28TU Given
mePTE = mLFTE Definition of bisect
mLOTE = m«FET if parallel lines are cut by o
s FTE = msDET i;ransﬂversa!, then alternaiie

fnterfor angles are equol in

measure.
TE =TE Reflexive property
A DTE = A FET ASA
meDTE = meDET Substitution property of
msFTE = m.FET equality
A PTE is isosceles; & FET is When the base angles of o
isosceles triangle are equal in measure, | must remember that in

the triangle is isosceles addition to showing that

- . each half of DEFT isan
DT = BE Definition of isesceles isosceles triangle, | must
FT = FE also show that the
lengths of the sides of

DT =FE Corresponding sides of both isosceles triangles
DE = FT f?engment trigngles ore eqguol are equal to each other,

in length, making DEFT a

rhombus.

BT =FE=DE=FT Transitive property
DEFT is o rhombus. Definition of rhombus

EURE“ Lesson 26: Triangle Congruency Proofs
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3.

68

Given: mel =me2

AB LQR,CD L QR

QD = RB

Prove: A PR isisosceles.

mot = me2

mLQABR = msROD

AB LQR,CD L QR
mLAB = mLLRR = 99°
G =REB

QP = QB + BD
REB =RD + DB

QB+ BD = RD + DB
QB =RD
5 AQB = A CRD

mLARRE = msCRE

A POR is isosceles.

Lesson 26:

GEOMETRY

Given

Supplements of ongles of equol measure ure eqgual in
megswe.

Given
Definftion of perpendicuior
Given

Partition property

Substitution property of equality
Subtroction property of equality
AAS

Corresponding ungles of congruent triangles gre equai in
measure.

When the bose angles of o triangle are equal in
measure, then the triongie Is ispsceles.

Triangle Congruency Proofs EUREm

MATH
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GEGMETRY

Lesson 27: Triangle Congruency Proofs

1. Given: A DHE and A GHF are equilateral triangles
Prove: A EGH = ADFH

ADHE and A GHF are Given
eqguilateral triongles.

mLDHE = msGHF = 60° All angles of an eguilateral triongle are equal in measure

mLDHF = m/DHE +m/EHF  Partition property
msEHG = maGHF + meEHF

mlIHE = moGHE + meEHF  Substivution property of equality

miDHF = msEHEG Substitution property of equolity
DH = EH Property of on equilateral triopngle
FH = GH

A EGH = A DFH SAS

EUREK A Lesson 27 Triangie Cangruency Proofs 69
MATH
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A Story of Functions

GEOMETRY
2. G’iveLRSTEs a square. W is a point on ST, and V is on TU such R s
that WR L RV,
Prove: A SRW = A URV
14 i
RETU is ¢ sguore. Given
RS = RU Property of 4 square
mLRUT = mLRSW = 90 Property of a square
MmLRUT + mLRUV = 180° Angles on ¢ line sum to 180°.
mLRUYV = 90° Subtraction property of equality
MLSWER = moURW if poroliel lines ore cut by o transversad, then alternote interior
angles arg equalin megsure,
MmLERW = msURYV Complements of angles of equal meosures are equal,
oA SRW = A URV ASA
70 _______________________ Lesmz? ?r iangiecongwenw Pmofs ,,,,,,, S EUREM

MATH

© 2015 Greéat Minds eureka-math.org
GEC-M1-HWH-1.1.0-69.2015



GEOMETRY
3. Given: ABCD and DEFG are congruent rectangles. 4 s
Prove: mzDPR = mzDQR \
Iy g N
P
G
E
¥
ABCD gand DEF are congruent Given
rectangles.
&0 = AD Lorresponding sides of congruent figures are egual
DC = DE in length.
mesGHRE = msADC Corresponding ongles of congrueat figures are equal
in measure,
MLGDE = mlGBE + msPDC Partition property
mLADE = msADC 4 msCDP
mLGDC = mLADC + miPDC Substitution property of eguolity
MmLGDRC = mLADE Substitution property of equality
AGDEC = A ADE SAS
mLGCD = msAED Corresponding angles of congruent trigngles are
equal in meosure,
MLPDRG = msPDG Reflexive property
ADRPC = A DQE ASA
mLDPR = msDOR Corresponding angles of congruent triangles ore

equal in measure.

EU REKA Lesson 27! Triangle Congruency Proofs 71
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Lesson 28: Properties of Parallelograms

1

72

Given: A ABD =A CDB

GEOMETRY

Prove: Quadrilateral ABCD is a paralielogram

Proof:
AABD =A €DE

mLADB = m2CBEB;
MLABD = m/ CBE

AB | CD,AD || BC

Quadrilateral ABCD s
paraiielogram

Given

Correspording angles of congruent
triongles are equal in measure,

if two lines arg cut by o transversal
such thot ofternate interior angles
are equal in measure, then the lings
are pargiial,

Definition of parallelogram
{A quadrileteral in which both pairs
of opposite sides are paroilel)

Lesson 28:

Properties of Parallelograms

© 2015 Great Minds eureka-math.org
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Since the
triangles are
congruent, | can
use the fact
that their
corresponding
angles are
equal in
medsure as a
property of

parallelograms.
N /
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2. Given: AE = EC;BE = ED
Prove: Quadrilateral ABCD is a paralielogram

Proof:

AE =2 OF, BE = R} Given

mLAED = msCER; Vertical ongles gre equol
mLAEB = msCED in measure,

AAEDR =A CFERB; 348

AAEB =A CED

mLADB = miCBD; Corresponding angles of congruent
mLABD = msCDB triangles are equol in measure
AB | Ch AD | BC if two lines are cut by o transversol such

that alterngie interior angles are equel in

megsure, then the

fines are porallef
Quadrilateral ABCD Definition of porallelogram
is a parcllelogram {4 quadriloteral in which both

poirs of opposite sides are poraifel)

EU REKA Lesson 28: Properties of Parallelograms
MATH
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that the quadrilateral is a

GEOMETRY

A

'y C

I need to use what is given\\
to determine pairs of
congruent triangles. Then,
i can usethe fact that their
corresponding angles are
equal in measure to prove

paratielogram. /
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3, Given: Diagonals AC and BD bisect each other:

LAFD = £ AFER

Prove: Quadrilateral ABCD is a rhombus

Froaf

Diagonais AC and BD bisect each
other

AE = EC,BE = ED
LAED = L AER

msAED = mLAER = 507
MLREC = maDEC = 90°

AAED =p AEB = A CEB =4
CED

AB =BC = €D = AD

Ouadrilpterof ABCED is g rhombus

74 Lessan 28:
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Propertias of Parallelograms

r

Given

Definition of o segment bisector

Given
In order to prove

that ABCD is a
rhombus, | need
to show that it

Angles on o line sum to 1807
and since both ongles ore
congruent, each angls megsures

94" has four sides of
equal length. |
S5A% can do this by

showing the four

. triangles are all
Corresponding sides of congruent

t.
triangles ore equol in length congruen /
Definition of rhoambus (A
quadrifateral with alf sides of equal
tength)
EUREMA

MATH



GEOMETRY

4, @Given: Parallelogram ABCD, £AED = 2CFB
Prove: Quadrilateral BEDF is a parallelogram

Proof:
Porolielogram ABCD, L AED = «CFB Given With one pair of \
AD = BC;AB = €D Opposite sides of opposite sides
parglielograms are equal in proven to be
length. equal in length, |
can look for a way
mLA =m0 Opposite angles of to show that the
paralieiogroms are equal in other pair of
measure. opposite sides is
AAED =A CFB AAS equal in length to
. . . establish that
AE=CF,ED =FR @ Correspending sides of ABCD is a
congruent triongles ars parallelogram.
equal in length. \
AE+ EE = AR; Pariition property
CF+FD=CD
AE+ EB =CF4+FD Substitution property of equality
AE+ ER = AE+FD Substitution property of equality
FRB =FD Subtroction preperty of equality

Guadrilateral BEDF is a paraiiefogram  If both poirs of opposite sides of o
guadrilateral are equal in length, the
guadrilateral is o paraliziogrom

EU REKA Lesson 28: Properties of Parallelograms 75
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GEOMETRY

Lesson 29: Special Lines in Triangles

tn Problems 1-4, all the segments within the triangles are midsegments.

1.
x1=18 y=26 2z~ 14.5
I need to remember that a
midsegment joins midpoints of
two sides of a triangle.
2.

x =101 y = 53

A midsegment is parallel to the third
side of the triangle. | must keep an
eye out for special angles formed by
parallel lines cut by a transversal.

The 101° angle and the angle morked x° are corresponding ongles; x = 101, This megns the angle
measures of the lorge triongle ore 26° (corresponding angles), 101°, and v°; this mokes y = 53
because the sum of the measures of angles of o triangie is 180°.

76 Lesson 29: Special Lines in Triangles Eumm
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GEQMETRY

3. Find the perimeter, P, of the triangie.
P=2(a) 4 2(12) + 2(11) = 64

Mark the diagram using what you know
about the relationship between the
lengths of the midsegment and the side of
the triangle opposite each midsegment.

4. State the appropriate correspondences among the four congruent triangles within A ABC.

AAPQ =2A PBR = A QRC =A RQP

Corisider marking each triangle with
angle measures {i.e,, £1,42,£3) to
help identify the correspondences.

EU REKA Lesson 29: Special Lines in Triangles 77
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A Story of Functions |

GEGMETRY

Lesson 30: Special Lines in Triangles

1. Fisthe centroid of triangle ABC. i the length of BF is 14, what is the length of median BY ?

2
5 (BY) = BF

Z
—{BY) = 14
3 | need to remember that a centroid

divides a median into two lengths;
the longer segment is twice the
length of the shorter,

BY = 21

2. Cisthe centroid of triangle RST. If CZ = 9 and £S = 13, what are the lengths of RZ and §Y?

i _ 51
g(RZ} = (& _

1 —
F(RD) =9

RZ = 27

2
SV =Cs

| can mark the diagram using what |
know about the relationship between
the lengths of the segments that
make up the medians.

SY) =13
(8Y) =
39

§Y = =195
2

78 Lesson 30: Special Ltines in Triangles EURE“
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GEOMETRY
3. TZ UY,and VX are medians. if TZ = 18, VX = 12 and TU = 17, what is the perimeter of A CTX?

y;
€T = (TZ) = 12

1
CX =5 (VX) =4

jr - - ) o rd
TX = (TU) =85 ) '

Pervimeter (A €TX) =12+ 44+ 8.5 = 24.5

4. In the following figure, A YCK is equilateral. If the perimeter of A YCK is 18 and Y and Z are midpoints
of JK and JL respectively, what are the lengths of Y1, and KZ7?

K

if the perimeter of AYCK is 18, then V€ = KC = 6,

! (VL) = YC
VD) =

YL =3(6) YC and KT are the shorter
Yi=18 and longer segments,

respectively, along each of

% (KZ) = KC the medians they belong to.
3

KZ"“"S 6
== (6)

Ki=9

Eu REKA Lesson 30: Special Lines in Triangles 78
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Lesson 31 Construct a Squareand a N

1.

Construct the midpoint of segment AB and
write the steps to the construction,

i.
2
3.

Doy circle A center A, rodius AR,

Drow cirgle B: center B, rodius BA,

Label the two intersections of the circles os

£ and D.

Label the intersection of CD with AB as

midpoint M.,

ine-Point Circle

The steps | use to determine the

midpoint of a segment are very similar

to the steps to construct a
perpendicular bisector. The main

difference is that | do not need to draw

in CD, | need it as a guide to find the
intersection with AB.

™

/

2. Create a copy of 4B and label it as €D and write the steps to the construction.

80

1. Drow o segment and lobel one endpoint £,

2. Mark off the length of AB olong the drown segment; label the marked point as D.

Lesson 31:
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A Story of Functicns

GEOMETRY

3. Construct the three aftitudes of A ABC and write the steps to the construction. Label the orthocenter

as P.
1. Drow circle A: center A, with rodius so that circle A intersects
BC intwo points; lehel these points as X and V.
2. Drowcircle X X fus XY.
roww Circle X: center X, rodius | must remember that the
3. Drowcircle Y:center ¥, rodius YX. intersections X or Y may lie
4, Lobel either imtersection uf circles X and Y 08 Z, outside the triangle, as shown
L . - in the example.
5, Lobel the intersection of AZ with BC as B (this is altitude AR)
6. Repeuot steps 1-5 from vertices B and €.

EU REKA Lesson 31: Construct a Square and a Nine-Point Circle 81
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Lesson 32:; Construct a Nine-Point Circle

1. Construct the perpendicular bisector of segment AB.

~

B N | need to know how to construct a
perpendicular bisector in order to
determine the circumcenter of a
triangle, which is the point of
concurrency of three perpendicular
bisectors of a triangle.

J

2. Construct the circle that circumscribes A ABC.
Label the center of the circle as P. | must remember that the center of the

circle that circumscribes a triangle is the
circumeenter of that triangie, which
might lie outside the triangle.

82 Lessan 32 Construct & Nine-Point Circle EUREM
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GEQMETRY

3. Construct a square ABCD based on the provided segment AB.

EUREKA Lesson 32: Construct a Nine-Point Circle 83
MA
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GEQRMETRY

tesson 33: Review of the Assumptions

1. Points A, B, and € are collinear. AB = 1.5 and
BC = 3. What is the length of 4C, and what
assumptions do we make in answering this guestion?

| take axioms, or assumptions, for
granted; they are the basis from
which all other facts can be derived.
A€ = 4.5, The Distance and Ruler Axioms.

2. Find the angle measures marked x and y and justify the answer with the facts that support your
reasoning.
x =73 v =84°
The ongle marked x ond 107° gre o linear pair ond ore supplemenitary. The ongle vertical to x has the
sume measure us x, and the sum of ongle megsures of ¢ triangle is 180°,

3. What properties of basic rigid motions do we assume to be true?

it Is assumed that under any basic digid motion of the .
) he i ine is o i hei . | should remember that basic
plane, & egmage of aline is 6 line, i: e image of o roy is rigid motions are a subset of
o ray, and the imoge of ¢ segment is o segment. _ o
transformations in general.

Additiongily, rigid motions preserve langths of segmients
gnd measures of ongles.

34 Lesson 33: Review of the Assumptions E“REM
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A,

 AStory of Functions

GEGMETRY

Find the measures of angle x,

The sum of the measures of oll odjocent angles formed by three or more roys with the some vertex is
360°
2{43%) 4 2(51°) + 2(70°) + 4(x) = 388°
86° 4 102° + 140° + 4x 360°

x = g°

i

| must remember that this is referred
1o as “angles at a point”.

Find the measures of angles x and y.

X =66°y = 70"

™~

2ZRQN and LG N5 are same side interior ongles and are therefore
supplementary. ZRON is verticol to LM QP and therefore the angles ave
eguol in measure. Finolly, the angle sum of a triongle is 180°,

When parallel
lines are
intersected by a
transversal, | must
look for special
angle pair
refationships.

P

/

1)
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Lesson 34: Review of the Assumptions

1. Describe all the criteria that indicate whether two

triangles will be congruent or not. { must remember that these criteria

imply the existence of a rigid motion
that maps one triangle to the other,
which of course renders them
congruent.

Given two triongles, A ABC and A A'B'C':

= [fAB = A'B’ (Side), msA = mae A {Angle}), AC = A'C'{Side), then the triangles are congruent.
{SAS)

= jfmsA = meA {Angle), AB = A'B' (Side}, and mcB = moB' (Angle), then the triongles are
congruent., {ASA}

w  FAB = A'B' (Side), AC = A'C’ (Side}, and BC = B'C’ {Side), then the triongles are congruent,
(555}

* fAB = A'B’ (Side}, m+B = m4iB’ (Angle}, and £C = +O' {Angie}, then the wiongles are
congruent. (AAS)

= Given two right triongles, A ABC and A A'B'C!, with right ongles B ond £B', if AR = A'F’
fLegi ond AC = A'C’ (Hypotenuse), then the triangles are congruent. {HL}
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GFOMETRY

' Homework Helper -
| must remember that a
midsegment joins midpoints of two

sides of a triangle and is parallel to

In the following figure, GH is a midsegment. Find x
the third side.

and y. Determine the perimeter of A AGH.

x=78%y =76

Perimeter of A AGH is:
1 1
5(15) + 5(22} + 12 =345

3.
Froof:
GHIJ and K LM org squares Given
and Gf = JM
G and £ M are right angles Al angles of o square are right
angies.
o GRI and A MR gre right Definition of right triangle.
tricingles
Bf = R} Reflexive Property
A GRJ =i MRJ HL
Corresponding ongies of congruent
trigngles are equal in meosure,
Definition of angle bisector.

MmLHR] = mLLR]

E@" is an angle bisector
Thie centroid of a triangle is
the point of concurrency of

three medians of a triangle.

How does a centroid divide a median?
The centroid divides a median into two parts: from the

4,
vertex to centroid, and centroid to midpoint in o ratio of
87

Z: 1.
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